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Prepared  by: 

Arnold  N.  Lowan 
Naval  Ordnance  Laboratory 


AESTRACTs  The  object  of  the  present  paper  is  the  derivation  of  the  solutions 
of  the  problems  in  heat  conduction  in  the  following  domains: 
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In  the  absence  of  a better  term  the  above  domains  which  extend  to  infinity  in 
certain  directions  but  remain  bounded  in  other  directions  have  been  called 
quasi-infinite. 
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Part  I.  Heat  conduction  in  the  domain  Da 

Section  I.  Boundaries  kept  at  prescribed  temperatures. 

It  obviously  suffices  to  consider  the  case  when  the  temperature  is  prescribed 
on  one  of  the  boundaries,  say  y=0,  the  other  boundary  being  kept  at'  0°C. 

Accordingly  the  mathematical  formulation  of  the  problem  is  as  follows: 


- s?)i 

T { 

x , v. 1 > 2 0 

(1) 

T ( x , y ■.  ^ ) 

t 0 

= 

f < * , i > 

(2) 

■ T(X,C;I)  - 

9 ( 

,;T) 

(3) 

• 

o . 

(4) 

To  solve  the  system  T we  put 

? L L<Xty;t)  + l X , t ) 

where  u(x,y;t)  and  ^(x,y,t)  satisfy  the  differential  equation 
(l)  and  the  following  initial  and  boundary  conditions 


XXm-  u.  ( x , u ■ t ) - 0 (6) 

t -*0  ' 1 

# 

U ( X,  0;  T ) = <f  ( X;  t)  (7) 

u.  ( x , cl]  t ) - 0 (8) 

>\S  ( X , a. ; t ) --  f ! X ru,)  (9) 

f ->0  ’ ' ’ f 

«S  {x.D ;t)  = 0 (10) 

ss  ( x , a • t ) - 0 . (11 ) 

Derivation  of.  solution  u(x.y;t) 

The  Laplace  transform 


^ { u t>)  - / e u.(x,u;r)dt 

J 0 
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h. ) - 0 


must  satisfy  the  system 

! £ ■ t?  - -t) 

- £ i f ( A 


i*,ayf>)  - 0 . 


(12) 

(13) 

(U) 


The  expression 

u* ( * > i • H 


ir  / du  j 


<u.  nJL  /$  ( q -y  ) 

/3  a. 

yt  ^rra  a.  ( * - ^ M ^ 


(15) 


where  /3  * y/ * * 1®  seedily  seen  to  satisfy  the  last  three  equations. 

If  we  put 


I e*X  ( u;t  oi)dX  = 

3 AtrXfia. 


(16) 


then  (15)  yields i 

u I * , y ; O 


-pj—  J doc  I -<-(<  - £ J d £ 

i f 

■j  c ( c,  :r  - 0 t ( vt1,  «■) 


(17) 


oT  . 


In  order  to  evaluate  the  function  ( y.-,  f , «)  we  associate  with  (16)  the 
integral  equation 


where  ^ 


/ e <fc  ( u ; U d l 
J 0 

7T 


*4  ( & - y) 


(18) 


a. 

. Since  (18)  eust  be  sn  identity  in  p,  wc  say  replace 


p by  + A oc'  j then  (18)  beoones 


]t  e e <$(*•  U 


dt  = 


/S  ( a - 
/2  a, 


whence 


f ( 


-iSt  , 

e $ ( «*•/  t 


(19) 


2 


r 
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Substituting  (19)  in  (17)  and  making  use  of  the  identity 


/~  -*.*t 

/ s c-a  * ( « - £ ) d* 


. U—lX 

**  r 


3 rs 


(See  [1]  , p.  31)* 

we  get 


(20) 


= J7ZT  l j ? "T  l'‘  V>'-\;t-T)  f-  ( V:T  ;al 


(a) 


Prom  (18),  the  Inversion  Theorem  yields 

f(4,t)  = -J-  I'  e - dA 

1 * / n <■ 


(22) 


where  ^ ■s  yj  X.  , and  o - is  chosen  so  that  the  poles  of  the  integrand  are 
to  the  left  of  the  line 


J ♦ t x> 


(See  [2]  , n.71) 

It  may  be  verified  that 

| FIX) 

where  \ * R *'*  , 


(J>  ( y;  t ) becomes  equal  to  the  sum  of  residues  at  the  poles  of  F ( X ) . 
(See  above  referenee  p.  76) 

We  thus  obtain 

(24) 


| c‘f  ^u>n4.  jtofz  • if  M ^ 

! y.  X IX-  1 

C R* 

(23) 

0 S »7  , n > 

where 

. 

C and  k 

. Under  these  conditions. 

it  is 

known 

that 

-at.  . A oVf 


•Kumbers  in  square  brackets  refer  to  items  listed  in  the  bibliography. 
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In  view  of  (24),  (21)  becomes* 


«*  ( * , V ; c ) 


/n*  <»^rv  -"*• 71 

4_  a 


_ A4LLL 
a1^ 


(25) 


dl  . 


In  the  special  cast  when  (p  ie  independent  of  * so  that  our  prohlms  becomes 
one-dimensional,  bearing  in  aind  the  identity 


(26) 


(This  follows  by  an  obvious  transformation  from  the  known  identity 
( e da  * -/rT  .)  equation  (25)  becomes 


u.  ( ) 


1 An 

— 71- 


t 


m.  ,ic-rw 


a 


e 


d' 


(27) 


in  agreement  with  the  result  given  by  Carols w [ 1^  p.  180  i 


gtrlTtUbB , gf-tPlMUgn  Jdjalali 

The  Laplace  transfora  /i'*(  of  v(x,y*t)  must  satisfy  the  following 

differential  equation  and  boundary  conditions i 


'V-'l  *,  0;  p.)  = */■*(<,  a , ^ J = 0 

In  view  of  the  identity 


(28) 

(29) 


4 ( < . V J 


($  ,7)  f 4 


-f  ^ y •<*})  dec  dp 


(30) 


it  follows  that 

nr*  ( xty-4>)  -- 


-irj!  jj 


<jrOa.(A-eJ 


dec  dp, 


(31) 


4 


T 
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will  satisfy  (28)  and  (29) 9 provided  that 

( x , \j  * J 'n,  r«. r I ( * . ij) 

<£  { < , • 1 } 0 ) - - ( I « , ) 

From  (31)  it  follows  that 

m tsa 

^ 1 *,  i , 1 > = -^r  //  $ ( $ .1  ) d<>  dr<  U e 


o <£ 


- , - • - i ■ 


(32) 


(33) 


x.<tb  at  ( a ~ ^ ‘ A-cn,  ( y - t^)  dec  d \fi 


In  view  of  (32)  and  (20) , (33)  becomes 

^ (<>  y-r  ) = fZTF  ,L  ffS‘rt } 


1 »/» ^ 

e d' 

> 

*67 


f ^ e l 


LZUl  , 

da  • 

1 


Fro d the  identity 


T 

L.  - 


'*  * aVJ  * 


- lv»)‘/T 


-JUT 

; - — ■ 


by  some  obvious  trinsfor^ations  we  obtain  the  identities: 


I 


i~y< 


ffiij  ,,,£  ;-V 

^ , , 

In  view  of  (36)  end  (36’)#  (34)  becomes 


Axrd 


MUL. 


( y y V } 

( V -rjJ  J 


n :* 

~aT  e 


• / e d$  r UZ.r))  ^ ***-  dr J . 

'-«•  4% 


(34) 


(35) 


(36) 

(36*) 


(37) 
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In  the  special  case  when  f(x,y)  be cones  a function  of  y only  (37)  becomes  in 
view  of  (26) 


• ( v ; ( ' * ~r~  ) 


,0.  - *}-f 

j 3.  • e * f (rj)  dr\ 


(38) 


in  agreement  with  the  result  given  by  Carslaw  [ l],  p.  180 


In  conclusion!  the  final  solution  of  the  system  Y is  given  by  (5)  in  conjunction 
with  (25)  and  (37). 

Section  2. 

Boundary  y*0  kept  at  temperature  fc  ( * ■ f ) I temperature  gradient  < * •,  U 
prescribed  on  y»a.  Initial  temperature  f (x,y) . 

In  this  case  we  put 

T ( > i » 1 1 - is  1 * . i ; T ) 4 ( * , i ■> f > * 

where  , ut  and  /*--  satisfy  the  differential  equation  (l)  and  where 

(40) 


oC^yrru  IA^  ( K ^ u j t ) s 0 

( ♦ c * 

u'.  ( * , ) - fit*,1) 

^ 1 0 f°r  v r 


<fv; 


(a) 

(42) 

(43) 


( k , 0 ; I ^ = 0 


(u) 


T — lx-  ( A a ; l 
d»#  • 


<fi  < * : 1 1 f 


c r n = a 


"ft?  t> t}  ' f ( 


I X,  0;t)  = 0 


(45) 

(46) 

(47) 


**  ( ' , y* 1 > - 0 for  V ' a 


(48) 
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The  Laplace  transform  u.,|  x,  of  u,  ( x , y ) ia  given  by 


fc*  - IF  / d*  J 9.  i\l+ 

J | 90 


) I x _£> df  (49) 

JjctW.  pOL 


where  fi 


. From  (49)  it  follows  that 


r e®  t*Q  ^ f 

- if  / <*.(  *~%)  6*  t p (f-t-i)  y,  t i+'T  *)  dZ  (50) 


vh«r« 


e'^  V'  ( t «. ) dt  = 

r ' ’ ’ m/L/3% 


By  analogy  with  the  developments  in  Section  1 we  have 

a 

f l 'fit,  - 9 $ ( y ; t > 


where 


/ e*  <M-u;t)dt  = .^..±f±'M 

1 yCraK^a, 

where  - yj . Moreover,  as  in  Section  1,  the  value  of  <$>  ( y ; t ) le 
obtained  as  the  sum  of  the  residues  of 

F(^;  = e/f  J£2*3d±llL 

jr,evA>  y a 

where  y,  = y ^j~  • Thus  we  ultimately  obtain 

£J»/  <)*  w*t 

^ LLzlLLLS#.  (52) 

-<0. 

In  view  of  (51) , (52)  and  (20),  (50)  becomes 


( 2 * i ) 


( 2/T)  t On  I 


L f.  r* 


{2  m f 0 y? 
t<Lk 


_______ 
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la  the  special  case  where  the  fraction  p,  ie  independent  of  x , equation 
(53)  reduce*  to 


(y;r)  = 4r  T.,i~t 


(1  m +*)*■! 


/ fM-r) 

'a 


lAr'r 

dT  . 


Derivation  of  solution  *^(x,yit) 
The  ootmterpart  of  (50)  is 


where  /3  - “ , wheaoe 


' nfc  ** f (*’  di  f f (};7,*) 


where,  now 


I ' 


J c*  ^ ( y;*,  *■)  dt  = 


/} y 

f?  <jr*JL  /9  a. 


Proceeding  as  in  the  previous  cases,  ve  have 

-a-*r  _ 

+ fy\t>'*)1*  « f (f\xi  (yj 

where  the  expression  for  f ^ ; t ) is  obtained  as  the  sub  of  residues  of 

at  its  poles.  Thus  we  finally  get 

H*‘>  - ^£,.,-,^'^11^  . 


Ia  view  of  (58),  (57),  and  (20),  (5*)  beoones 

a il 

Z.  61  f * c W ' « -t*dt 


8 


In  the  special  case  where 
(26)  becoues 
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>pi  is  independent  of  x equation  (59)  Is  Tiow  of 


u.  {v-l):  ±L  ^ (./)"  Uja-T-L)  rJe. 

‘ J a Z-  -?a 

<*k  'O 

|)..'|VV 


/ * 


(t-- 


(60) 


dr 


PtrlTlUOtt  fil-JfilMllglUfauiii) 


The  solution  v(x,y;t)  is  a 7 Identical  with  the  solution  of  the  pro  bleu  of 
heat  conduction  Is  s slab  ox  »«  ckreas  2a,  idiots  bounding  planes  are  kept  at 

0°C,  initially  at  a teuperatui-e  4*  (*»j)  defined  by 


# ( * , - f l * ,?> 

-r  f ( *, 


r * 


0 < y 

Q,  < 7 


<■  a. 


This  leeds  to 


■( 


ivV*r 


I 


gjt  ^ 
H 


^ U-a^Q 

2 a, 


dl 


(61) 


When  the  Initial  teuperature  Is  independent  of  x,  the  last  equation  with  the 
aid  of  (26)  beoones 


'V  ( y;  t ) * 


li  yrrOw j, 

2 d 


,ftrf 


r 


/ v 


4^ 


(2  * 


+ o**l 

2a, 


dT\ 


(62) 


The  result  In  (62)  Is  not  given  by  Carslav;  It  nay  however  be  derived  fro*  his 
solution  *u"  [ p.  68  ) and  it  is  found  to  agree  with  (62). 

In  conclusion,  the  final  solution  of  our  presect  problems  Is  given  by  (39)  In 
conjunction  with  (53)*  (59),  and  (61).  When  the  boundary  yue  is  laparvlous  to 

heat,  u.  ( * ,y,  t ) * 0 and  T ( * , y ; r ) = u,  ; * , y;  t ) * •*,(>,  y.;  t > 

Seotlon  3. 

Radiation  at  the  boundary  yK)  into  a aediue  at  tenperature  p (*,t)  ; 

boundary  y*a  kept  at  the  tenperature  u>  (,  -t ) . Initial  taupe  rature 

«xt7). 
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In  this  oas*  w*  pat 


T ( x 


y,t) 


>• 


t) 


(63) 


whore  u t u.,  , /y-t  and  or*  solutions  of  (l)  satisfying  th*  following 

initial  and  bonadaiy  conditions  < 


( * , h ; t ) - 0 

( 4 


* ' **(*:fJ  y ’ 0 

u.t  ( KtA  ; t)  * 0 

• 0 • 

(ay  * u‘(*>?  >* } ' 0 ^ / ‘O 

U.J  x>a  . yjx;t) 

( ***tJ  ’ 

jy  /v'»  ( * » y> f ^ 1 ® y = 0 

( * , a ; t ) * 0 

f *)  * 0 

< -*# 

(sy  '*)"*(*  >}>*■)  * f^y-0 

-v*.  ( < , a ; f i = 0 • 

In  th*  special  oas*.  wh*ro  p,  (*;r)  * o*  , i.o.  when  radiation  takaa  place 

at  yM)  into  a nedina  at  0°C,  it  is  elear  that  , y :t ) - 0 . l*T*rthel*ss, 

it  will  be  noted  that  the  initial  and  boundary  conditions  satisfied  by  nrx  ( x,  y;f ,) 

are  sinllar  to  those  satisfied  by  u.t  ( * , y;t } . Tins  the  fomal  eolation 

u.,  ( x ,y  ; cj  for  (x;  tj  / o - is  necessary  for  obtaining  'v,  ( * *y  , t J 
* evan  in  th*  special  ease  where  radiation  at  jr«0  takes  plaoe  into  a ssdlta  at  0°C. 


10 
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Derivation  of  eolutlon  (x,^, t) 

/ 

The  Laplace  t ran* font  u*(A,y;  1®  eeaily  obtained  In  the  form 

( ■ * * r*+ ' = f J~**£p' 1 

where  / - **  # uhence 


.Z  f>  ^ 

J&  * + JL  ol 


*,  *f/V.  #(  Yi^  *r 

/' 


' / e 4^*  «*  \ *-  \)  <*• 


" J/fj  L **  / % ( i;1'*)  i (yJ)  ■ t '*  dt 


where  j>  ( u ■ t ) la  equal  to  tha  na  of  the  realduea  of 


* e 


? (y 

i 


where 


p «■  JL^lwy/ijA. 

t * /?  . «lfpol-.  V.  .Ul-flT  obUlx. 

♦ 

$ { «;  t ) = 2AI  - K £a.  U ' A 

[ ( < ♦ <U.)  «A  * C^*  J C* 


where  tha  raanatlon  axteada  orar  tha  roota  of  tha  tranaeandantal  aquation 

C * C : 0 

In  view  of  (65) , (64) 


Iftt: 


0*)  «a  * c J ^ c,. 


7_dV  " 


» (Z;t-T)  c'+e^T*  d T 


7 

1 i 


(64) 


(65) 


(66) 


(67) 


! 


u 
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whore  the  emanation  extends  over  the  root*  of  (66).  Ae  in  the  previous  cases, 
when  the  function  ip,  is  independent  of  x , (67)  reduces  with  the  aid  of 
(26)  to 


(68) 


/_  f ( / < » A ) a A-  . ) a"  (, 

-*•  » ' 

ft  .U+; 

■ j J,  ( t l)  ■ e * al  , 

the  sumoation  being  extended  over  the  roots  of  (66). 

Derivation  of  solution  ^(Xfjjt) 

The  Laplace  transform  - «**  ( » , y , p ) is  obtained  in  the  fora 


u '(*  ,<+,£)•-  ‘ (>  4)  LtziSJjt. .. n jLitrdZfc.  * • \)  d\ 

“ n 4 /..  * ' .*»/  fi^+JLfio  , A a~JL£o. 

where  ^ * <*  * . It  is  clear  that  ^ ; t ) is  given  by  a 

formula  similar  to  (64),  except  that  * ; f } is  replaced  by  -J 

and  <£  ( y , t J has  for  its  Laplace  transform,  the  expression 

’■  •*  ✓’  a- 

where  ; y/^-  .As  before  c£  ( , r > ir  given  by  the  sum  of 

residues  of  the  above  expression  multiplied  by  the  factor  e*'  . Accordingly 

we  get 


4>  ( * ; t ) --  - i u V ^ c 

7 L f 1*  ***)  «a  <•  c j ^ c 


where  the  summation  extends  over  the  roots  of  (66).  With  the  aid  of  the  last 
equation  the  desired  expression  for  ^ • r ) becomes 


/ .1  > />  \ T.«,  <</■«  ^ . o ^ ^ Jt  r 

* , u : I ; - - ^z<±  > *--- 

7 0 * rr  l_  [ ( 1 * k.  • Cj  I u.  Ci. 


* 


(69) 


/-  ir 

•L'u  «,f- 


-*v-‘ 

f-r;  .e^T{  dT  , 
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the  summation  extending  over  the  roots  of  (66). 

Derivation  of  solution  v^(x,yit) 

By  analogy  with  the  developments  in  Section  1,  the  Laplace  transfora 
is  given  by  (31)  where  i ( * \ y ! satisfies  the  conditions 


I ( 7 , t } * ¥m*) 

\ f («,  j ' J*j  ! - Mi,/) 


0 •<  u < a 


«.*  : to*  • 


FIpob  (31)  and  (70)  It  follows  that 


(x>  r vir J F (f>.  r>)  • ^ 

* .yyj[ 

r f - (r 
'2.1 e 


Making  use  of  the  identities  (36)  end  (36’)*  (71)  becomes  after  some  obvious 
transformations  . ... 

z zm  ■ Z""1  • c 

/-  ^ r <72> 

'f 

Derivation  of  solution  v2(x,y;t) 

Compering  the  initial  and  boundary  conditions  satisfied  by  *ir  ( * ,y,t) 
with  those  satisfied  by  u.  ( * , y,  t ) we  conclude  that  the  expression  of 
v,  ( x , y',t)  may  be  obtained  from  ( 64)  by  repl  cirg  <pt  f*,  : : 
by  - *r,  ( * , 0 ; t ) . Thus 


} ' /n  /_  [(  1 *a  A)  »i l ♦ C»  J 


/’**  ' .fcl t .4KJ  t 

■J  *1  j v,(  1,0-t-X)  eW  e^t*  dt 
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where  ( x , o ; t ) is  obtained  from  (72). 

In  conclusion  the  desired  solution  T ( x , u ■ l i is  obtained  from  (63)  in 
conjunction  with  (67),  (69),  (72),  and  (73)* 

Section  4* 

Boundary  y=C  radiating  into  a sodium  at  temperature  » temperature 

gradient  jp  ( x , r > prescribed  on  y=e.  Ini  tied  temperature  t ( * , y ) . 

In  this  case  we  put 

T(  K,  y;  t)  . u,t  X(  j;t  ) y <*,(  y , 1 ) »«■-.(*.  ? ' x ^ , y;  ^ (74) 

where  't-,  , uj  * and  a/;  satisfy  the  differential  equation  (1),  and 

the  following  initial  and  boundary  conditions 


U.t  ( X t y ■ t J - 0 
{ -»  P ^ 

^ s x ¥.M) 

for 

V ”* 

77j  u>  ( x,  * o 

for 

y ra 

t *0 

(4  'X)  »:*>  ’ 0 

for 

r5 

--  >*,  f *,  t)  * ^ 

J y ^ 

for 

v : * 

( x , t t'jJ 

r •»«  * * 

(x  D = o for 

y - 3 and 

r* 

r^irrv  A ( x u • t ) — £) 

• -» o J 

^ f *> y;*)  " * Ar.<  x, 

y,t)}  ( 

or  y.* 

^ { * x »/  • t ) =0 

for 

> = a 

H 
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Derivation  of  solution  u^(x,7;t) 


Tbs  expression  of  tbs  Lsplsos  transform  is 

u*  i*  * £ j da  f ( y ''**'•*-  ( * - i)  d* 

*•  — 


(75) 


where 


/}  A-tsi  J? p X t Ji  AstraJl 


(76) 


with  fj  : •/  x * OL'  • By  analogy  with  tbs  dsTslopnsnt#  in  tbs  previous 
■sotionj , ws  have 


L,(x  , y;  t)  - £ i,d^[ dT  [ ^ $(r‘T)  <*-v  <*«■ 


wbsrs  ths  exprsesion  for  4*  ( > c ) 1b  given  by  the  «u*  of  the  residues 

of  e**  $*( where  ^ i>  obtained  from  ( y ■ fa  <*• ) 

by  replacing  ^ by  p - 


In  this  Banner,  we  finally  get 

^Jx,y>t)  --  - £ 


la  e [>'£ I - 

{ ( » * <*^ ) a.\\  * Km 


/ <•  • c K /f-f-u  T di 


(77) 


where  the 


tion  extends  over  the  roots  of 

Q ta/n.  t,  s a.  fi 


Derivation  of  solution  u2(x,y}t) 

The  expression  of  the  Laplace  transform  is 

u*  ( * , y if)  - j^J  4<*  J~  K ( <*)  *++•*■(  x-  %)  d\ 

where 


f ( y,  •X') 


jS  /y-  ^ A-1-rJl  ft  y. 

fi  ■#  JL  0 -iffitL 


(78) 

(79) 

(80) 
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(81) 


Proceeding  u abovs,  we  finally  gat 

uj  x u-Z)  = ■ C ?_  _« — lA ±^JtLd 

’ ''  a V/r  Z.  ( 2 ♦ «>  C ♦■  ( ♦ C‘J 

/_4%  J * e t*  dt  , 

the  staaation  being  extended  o»^r  tha  root*  of  (78). 

Derlentlon  of  eolation  r^Uty»t) 

By  analogy  with  tba  developments  in  Saotlon  1,  tha  expression  for  nr,  ( x,  y;  t) 
la  given  by  (33)  vhara  <J>  ( x , ^ ) aatiaflaa  tha  condition* 


<P  l * . f * lmc '>  = 

fix,*-*) 

With  the  aid  of  these  conditions,  (33)  yield* 


0 i y £ a. 

^ --  0 -•  • ± — 


In  view  of  (36)  and  (36* ),  tha  laat  aquation  become* 

sizhrt  }y^*\ 


. / f 

e*l 


— ^ / e 


4 


(82) 


/ca-O 


drj 


In  the  ease  where  tha  initial  temperature  distribution  is  a function  of  y only, 
the  laat  aquation  ' 


‘ ft*)  : T T e ' ■<-«*  / H V o<ra  512-3-  d*}  . 

'«  6—. 

<ee  / 


(83) 


*6 


i 
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ParlTatloc  of  solution  T2(xfy;t) 

from  the  Initial  and  boundary  condition a satisfied  by  /•/•,  ( * , y ; t ) and 
ao,  ( x , \j, ; t ) it  ia  clear  that  tha  axpraaaion  for  a-  ( * , y ; £ ) *>• 

obtained  fton  that  of  u.,  ( * , y ; t ) by  replacing  p,  ( > ;t  ) ty  - -v,  f x , 0 ; f ) . 
Thus 

, ¥ • o AH  . 'C  ^ e . 

A /?T  /.  {(<  * 0.K)  (L&  * tl!  I 

A**/  ' 

/ < . . fity.*  (84) 

df  / e * e’"  t‘  dt 


/ 


where  ( * ,*>;  t ) ia  obtained  froa  (82)  and  where  the  tnanatloc  extends 

orer  the  roota  of  (78). 

Section  5> 

Boundary  y=0  radiating  into  a nediun  at  taaperature  cp,  ( a , t ) ; boundary 

y*a  radiating  into  a eedlua  at  temperature  p.  ( * ; £ ) 

In  this  oaae  we  put 

T , y; r I + a*(  * . y;  £ ^ "wl«,  y ; r + v.  ( * , y;  1 ) (®5^ 

where  a,  , u.,  , a/,  and  a/;  eatiafy  the  differential  equation  (1)  and  the 

following  initial  and  boundary  conditions 


**.(*■,  y ; * J x 0 


t f o 


(j^'M  ( f ■*  ' ' A •*.  <':r) 

(f,  - '■)  («,  ' o 


u -t  ( * , jr,  ? ) ~° 

t -*0 


for  ^ = t) 
f»r  jr  = «• 

for  y - 0 
for  y " a' 
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( xty.;T)=  f f x , y) 

t -*  o 

; 0 ror  ^ s 0 ind  r u. 

aC***  -v;  J 0 

t-*a  * 

«s»  ( v,(  for  y--o 


a 

d> 


«rt  ( X 


Aj'rJ  *,?;*)*  l *,  y;**}  fer> 


- a. 


In  the  above  met  be  pot  equal  to  -h^  for  reasons  discussed  at  the  sod  of 

this  section.  It  vl:j  <v'«venient  to  formilate  the  boundary  condition  at  yea  in 
tarts  of  h£  rather  than  -h^  in  order  to  be  able  subsequently  to  obtain  the 

solution  of  two  related  problem  by  putting  \ = or  = o 
Derivation  of  solution  u1(»>y^t) 

Starting  with  the  Leplaoe  transfore 

u*(*  ,y;A)  * J *<*■  f 


where 


f (y;  A,*  ) = 


0 £ ! y - a)  * A.k  - a.) 

( fi  " A,  At ) /Si  *■  ( A,  - A J (}  sjr*iA/9  «, 


(with  js  r yj  4^.  ♦ «*  ) and  proceeding  as  in  Section  4 we  ultimately  get 

u,  / n.H-T  > 3 *X*SL  C L f - C-  / • tJ  C,  } 

' *’  Lj.  c.  ♦ { a,A,/i  ♦ * Ci  <^c-C- 

(6 

r /*-*&  -fci/* 

7 *>  / e * 

-•*  7e 
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where  the  suanatioc  extends  over  the  root*  of 

U*.At  ♦ ^ - * (*.-**>*  - 5 


(87) 


It  is  readily  soon  that  If  In  (86)  wo  pat  A*  - **»  , wo  obtain  the  f omnia 

(67),  the  sxaneation  extending  OTor  the  roots  of  (66),  which  results  from  the 
substitution  A,  - «-  in  (87).  If  in  (66)  and  (87)  wo  pat  A*  - o , 
wo  obtain  tho  f omnia  (77).  Tho  sunaation  extending  over  tho  roots  of  (78)  whioh 
results  fron  tho  substitution  r o in  (87). 

Derivation  of  solution  u^x^yjt) 


Starting  with 


-*  £ f **  J K ( ) f ( };+■>  * •%)  *1 


whore 


• , , _ A x d + * 

f ( > ; A,  “ ' f M, -A,>  fi  ssi&Po- 


with  p : , wo  ultimately  got 


a yfr 


V £r  i i a-y‘-  } 

L { j ♦ * f **/,  * a (x. ?.* } ~ 


(88) 


tho  sanation  extending  over  tho  roots  of  (87). 

Derivation  of  solution  T^Cxjy^t) 

Tho  expression  for  nr,  ( * t y;  t ) is  obviously  identical  with  that  of 
Section  4 and  is  therefore  given  by  (82). 

Derivation  of  solution  Vj(x,y jt) 

Frou  tho  boundary  oonditiona  satisfied  by  at,  ( * 

y ; f)  ' ■,  l * , y;t ) * 


, ^ ; t ) it  is  clear  that 
t,  <*9) 
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where  a,  i x . ^ ; t ) is  obtained  froa  (86)  by  replacing  V,  ( * ; t ) by 
- nr,  ( x , o • t ) and  u-x  ( * , -y-  ; t ) is  obtained  from  (88)  ly  replacing 

fa  ( y ■,  t ) by  - nr,  ( x,  a;  t)  where  nr,  ( x , o;  t ) and  a/-,  ( x,  t ) 

are  obtained  from  (88). 


In  conclusion  it  should  be  noted  that  since  the  condition  of  radiation  into  a 
medim  of  prescribed  temperature  is  * A ( T - T ) where  h is  positive  and 


denotes  differentiation  along  the  inwardly  drawn  normal , it  follows 
that  in  the  above  developments  ve  Bust  put  h^=-h^. 


Part  II.  Heat  Corduction  in  the  Domain  D^1 


As  in  Burt  I,  the  general  solution  of  the  differential  equation  of  heat  con- 
duction which  reduces  to  a prescribed  function  -f  (x  , y)  for  t=0  and  satisfies 
boundary  conditions  of  the  type 


t r p,  t ; = </>  (p^j 


A T 


(t  - *')  T (P,t)  --  -Ar(p,t) 


where  P denotes  a point  on  the  boundary  nay  be  obtained  by  superposition  of 
a aolution  a(  x u;  t ; which  vanishes  for  t=0  and  satisfies  the  prescribed 
boundary  conditions,  and  a solution  at  ( x,  y;  f > which  reduces  to  f [ * , ^ / 
for  t=0  and  satisfies  the  homogeneous  bound ary  conditions  obtained  by  replacing 
the  second  members  of  the  above  aquations  by  0:  Moreover,  a solution  u(x,  y;  t) 

which  satisfies  three  noehoaogeaeous  boundary  conditions  of  the  above  type  for 
the  three  boundaries  y=»0,  y**a  and  x*0  may  evidently  be  obtained  by  superposition 
of  three  solutions,  each  one  of  which  satisfies  com  nonhontogeneous  and  two 
homogeneous  boundary  conditions.  For  this  reason,  we  shall  confine  ourselves 
to  a number  of  typical  problems  involving  one  nonhomcgeaeous  and  two  homogeneous 
boundary  conditions;  we  will  not,  however,  attempt  to  exhaust  all  possible 
combinations  of  boundary  conditions  of  this  type. 

Case  1. 

Boundary  y*0  kept  at  temperature  <p  (%  ■,  t)  ; boundaries  y=a  end  x=0  kept  at 
0°C.  Initial  temperature  -f(x^y)  . 

Examination  of  (15)  shows  that  u-*  ( x;  y ; ■/>)  the  Laplace  transform  of  the 
desired  solution  u ( xt  y;  t)  Bay  ' : obtained  by  replacing  /-xra-ac  ( x - f ) in 
(15)  by  ^ ( x - <*.  ( x f ^ j . Proceeding  as  in  Section  1,  Part  1, 
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\m  finally  get 


< *>  y>x) 


- dexfr  .> 
e “ r‘dt 


where  £ = / . In  entirely  similar  man ner,  we  obtain 

w*'  I ^“9  ■i¥ 

41/ 

•/  -1^}  d, 


with  1 * / . It  is  readily  seen  that  if  In  the  expressions  of  u.  ( x , tj 
and  nr  < * , y;  t)  we  pot  i «-»  , the  resulting  expressions  are  the  solutions 

appropriate  to  the  case  where  the  boundary  xK)  is  inperrious  to  heat. 

Cnee  2. 


Boundary  x*0  kept  at  temperature  <f>  ( y ; t ) j boundaries  y*0  and  y=e  kept  at 
0°C.  Initial  temperature  f ( * , y ) . 

It  is  readily  seen  that 


where  » ry;. 


U f X,  t; 


e / 

oc^  - / ^ <■  ^ . Last  equation  yields  < 

i ^ dy  £ 9>  ( 


& f *;  *,  /*J  dT 
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where 


IL  « ' e 


vf‘A‘ 


It  is  known  that  [ 4^  formula  (30) 

£ I » ; f.  A / 


-A‘r  -.-V7  -4 


3 

The  solution  u,  f x , y ; t ) thus  finally  becoeea 


u r *•  > ; t;  " J ^ / 

• i » ^ 


dn 

a ' 


r - 

j Y>  (*j\  t -t)  c *■  • e 


. i 

T ‘ dl  . 


Tbs  solution  nr  l x , u;  l ) is  evidently  identical  with  that  of  Case  1. 
Case  3. 

Radiation  at  x*0  into  a nedim  at  taaparature  </(?>*)  i boundaries  yK) 
and  yma  at  0°C.  Initial  temperature  4 ( » , y ) . 


The  Laplace  transform  u ( x , u ; is  given  by 


e * f ^ c 

(*,?;£)  - ^ A/  i v (*}  ,*>)  dy\ 

l e '* 


with  ^ and  ^ * vlt*  & » whence 


LA 


f x,  y;  t I * f,  7 dr)  J'V  (r>'>  C'T'J  K ( * ; r ' dT 


where 


A 


/A.  i' *,  r,  fiJ  = 


-i/Ta: 

_e 

A ' V 4 ’ A‘ 
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The  solution  of  tbo  last  integral  aquation  la  [ ^ formula  (67) 


g 

li  SnTt 


. Lf  >Jl 

V K t 

* * f)  e dp 


Tha  expression  for  u(x,yft)  thus  finally  baooaas 


« t * , / ; ? ) 


dr ) 


(*  *J>)  dp 


To  obtain  r(x,yjt),  va  aaka  tha  substitution  /v  * ns,  * *rt  where  ns,  reduoaa 

to  f(x.y)  for  t»0  and  satisfies  tha  condition  - 0 while  ns,  rani  shea 

for  t«0  and  aatiafiaa  tha  condition  ^ - a ( v . * v ) . It  is  than  clear 

that  as,  la  identical  with  tha  solution  ▼ under  Case  1,  with  b - - / . Also 

the  expression  for  T2  may  bo  obtained  from  tha  above  expression  of  u(x,y,t)  by 

replacing  / y,  t ) by  o rj  where  V,  / * , -f , t ) is  the  solution 

just  considered. 

Case  4. 

Radiation  at  y=0  into  a medium  at  temperature  (f  f * ; t ) j radiation  at  y*a 

into  a medium  at  0°C.  Boundary  x=0  kept  et  0°C  or  impervious  to  heat.  Initial 
temperature  f (x,y) . 

The  expression  of  u'(  x , ^ ; p.)  may  be  obtained  from  that  of  u ,*  < * , ^ ; -4  ) 

of  8eetion  5,  Part  I,  by  replacing  <*  ( * - f)  by  «.  (y  - - .0^  « 

in  the  case  where  the  boundary  x*0  is  kept  at  0°C  and  by  <*  (*  - %)  +-  ^ *.(%  * g 

in  the  case  where  the  boundary  x=0  is  impervious  to  heat.  This  leads  ultimately 
to 


U. 


UL  C • tL  L 

a.  Vir”  / ( 1 { 1 * ^ xc*.  ^ - [ clA  ( 2 * j x<ra 


♦ i « 


> a 
* 


f.  ( $ >l-T) 


T1  dl 
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where  l » - or  i * ' depending  on  whether  the  boundary  x*0  is  kept  at  0° 
or  1b  iaperrioue  to  boat. 

The  desired  aolntion  r(x,y, t)  nay  ba  obtalnad  from  (82)  by  raplaelrg 

. UOi*  . u-Vk  „ . UjOl 

e If  f ""  t if  ***  vhera  S * -/  or  i - i dapanding 

on  whether  tha  boundary  nO  is  kapt  at  0°C  or  is  lnpervloua  to  heat. 

Cass  5. 

Boundary  x"0  kapt  at  taaparatura  <p  ( y,  t)  ; radiation  at  y»0  and  y«a  into 
a aadlua  at  0°C.  Initial  taaparatura  f(x,y). 

Lat  u = u * u.^  t 


where 

i 

ui  ( 0, 

y;  t;  Wy- 

i 

Ju 

P --  o 

fer  ^ = 0 and  » 

a j 

i 

a,  ( 0,  r+i 

t)  = u,(  0,  y; 

tj  s 

, I 

o ! 

i ti,  a 

<>y  ‘ 

( *,  0;t) 

l o 

for 
f 4 * 

y ’ - i 

y * «- 

-Jl.u,  : 

( * , «•; 

for 

y Jfl-  i 

dy  1 ‘ 

1 o 

f 0 r 

*r0  • | 

Tha  solution  u,  ( x , y;  T ) nay  evidently  be  obtained  from  tha  axprasslon 
for  n(z,yjt)  in  Casa  2 by  replacing  /U*i.  ?>-?■¥  by  v^ra.  ^nJsqy 


Than 


u,  < * , i ; 1 ) 


r 

iwj{  L. 


**  r 


/n  rr  J 

**+  ~T*  / •<<rc  T 

J C 


. -icInU  . jsl  .j. 

/ y(r,\-l)  • e e T dl  . 


J 
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The  expression  for  u,  ( * , 

V>.  ( *J  t)  by  - a,  ( * , O ; 

froa  (38)  by  replacing 


<t  ; T ) nay  be  obtained  from  (86)  by  replacing 
t)  } similarly  u,  (*,  f ; t ) nay  be  obtained 

( x ; t ) ty  - l x , x ; i ) . Time 


A.'/T  C *>«.  1 a or*  ( i ■ -t-J  7. ! 

aVv~  L-  { 1 * “1*.  'ty}  C ♦ { a*A,A  ♦ a ♦ Cl]  /■•**  s*. 

• */  * 


“ f1  . 4_L£  r . . cui.’ 

j c < e ♦ i e 

j * l 


u,  ( 5,  0;1  t ) • dX  , 


«.  / , u.  f ; r . y C,  r.  » r„  

* ’ ’ ’ a.'Jn  [_  f ; • a I/,-  /,  )}  ^ S.  * ( aJA,A.  ♦ a f At  - A,)  Jj’j  J ,<.<■*  C* 


r -*&  / -w'  , 

: d C / e e *i; 

'•  /© 


J «*,  U » *; 


t-x ) ■ Z‘  di 


where  <5  = - i and  the  sumsation  extonde  over  the  roots  of 

(aAA  ♦ T*J  c - c * 0 • 

By  putting  /,=  0 or  -fl,  = ve  obtain  the  solutions  appropriate  to 

the  case  where  the  boundary  yea  Is  either  impervious  to  heat,  or  kept  at  0°G; 
similarly  by  putting  h,  - o or  h}  - we  obtain  the  solutions 

appropriate  to  the  oase  where  the  boundary  y»0  is  either  impervious  to  heat 

or  kept  at  0°C.  In  the  oase  where  the  radiation  takes  place  at  both  boundaries 
jrO  and  jr*a  into  a medium  at  0°C  it  in  necessary  to  put  & - - , for 

reasons  previously  explained. 

To  derive  the  solution  v(x,yjt)  we  put  <v  * nr,  * where 


f 


cfar*.  /»',  f * , y ; t I - f ( x , y ) 
t ■•o' 


f o r 


} - 0 and  'j  - a- 


s>r  s 0 


for  t - b 
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( X t u j t ) - 0 

(<•( 


A,*;-'  ( * ,0  ;l  ) for  i^,-0 


jv. 


- 4. 


K ( 


a- 


t) 


■VJ  J 0 


for  x 1 C 


The  expression  for 


j y ; t j may  be  obtained  from  (82)  by  replacing 


r 


•#( 


. Thus 


with  . & »v- 1 

Comparison  of  the  boundary  conditions  satisfied  by  v^,  ( x , y ; t ) with  those 
satisfied  ty  u^  and  U2  leads  to  the  conclusion  that 


t)  = u,  ( 


y; 


r ; 


f ; 


where  u..  and  u.,  are  obtained  from  and  U2  by  replacing  u^(x,0;t)  and 

u3(*»*»b)  by  v^(x,0j t)  and  Ti(x,ait)  respectively.  The  remark  made  in  con- 
nection with  the  solution  of  and  u2  above,  applies  of  course  also  to  the 

solution  v2(x,yit) 

Case  C. 

Temperature  gradient  ip  ( y ; t ) on  x^j  radiation  at  y*0  and  y=a  into  a 
medium  at  0°C.  Initial  temperature  f(x,y). 
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In  this  c ase  we  put  where 


h U>1  * > a »•  - } ■■  v ! y :l > *or  , = o 


a v l'"'  ^ x ^ ^ : 0 for  u.  z o and 


V -■ 


^ u , _ 

Jm  d i 


* - 0 


o U . o 

TT  ~ 


/I  M « 

7 — * “ -^  U. 

dXf  1 * 


f "6.  <Aj  ( * , 0;  t ) -for  <^  = 0 
for  ^ : 1 


■{. 


f o r u.  * 0 


l,“,  ( * , a-;  t > for  ^=<a. 


The  Leplece  treneforn  cf  u,  f x , y ; t ) ie 


^ *>*;*-'  -•  - ■“  ^ A-y  J /(*),£)  <h 

Ml/  ° 

where  end  «„*  y/^-  + . The  lest  equation  yields 

^1  ( x , y.;  t ) - - £ y ^rro  ^ y j /0^»  A >7  ^>7 

(77  '• 

■J  V (r>f-Tj  % ( *;  t.*a;  dT 


where 


^ ( <;  /U  = 


-« V]T? 


/f 


*AJ 


It  le  known  that  the  solution  of  the  last  Integral  equation  is  [ 4^p.l2,equat.56 


Plr  - 


' A 


7TT 
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Thus  the  expression  of  ut(  * , t)  becoaes 


t *,  y;  tj  = 


/C<r o 


s*>TT  T) 

— / dr) 


i -Vt 


J r< * 


' wr  *i 
c 7 d 7 


Coaperison  of  the  bounder/  conditions  satisfied  by  end  with  those 
eetisfied  by  end  ttj  in  Case  5,  leads  to  the  conclusion  that  the  dssired 
solutions  u^  and  Uj  ere  given  by  the  expressions  given  under  Case  5 with 
& » 1,  . 

The  expressions  of  u^  end  Ug  are  identical  with  those  of  Case  5 except  that 

now  h * 1 . The  derivation  of  the  solution  v(x,y,t)  prcoeeds  in  exactly 

the  sene  Banner  as  in  Case  5.  Specifically,  if  we  put  ns-  z 

• X 

then  Vj  is  obtained  froa  the  corresponding  expression  under  Case  5 by  putting 

<5  r 1 and  nst  ( X , y;  t)  = u,  ( * , t ; * * , y;  t / where  u, 

end  CLa  are  given  by  expressions  identical  with  those  of  Case  5 except  that 
S = 1 . Finally  the  reaarks  Bade  in  connection  with  the  solutions 

uj_,  U2  r2  ° * ^***  ^ (pitting  ^ = h2  * or  b2  apply  to  the  saae 

solutions  in  the  present  case. 

Part  III.  Haat  Conduction  in  the  Dossal n Dy 


The  pro  hi  eus  to  be  discussed  below  are  the  three-dimensional  extensions  of  the 
problems  discussed  in  Part  I,  to  which  we  shall  frequently  have  occasion  to 
refer.  As  in  Part  II,  we  shall  oonfine  ourselves  to  ths  derivation  of  solutions 
of  probleas  involving  one  nonhoaogeneous  and  one  homogeneous  boundary  condition. 
The  meaning  of  the  terns  *b"  solution  and  "V"  solution  are  the  sum  as  in  Part  II. 

Casa  1. 


Boundary  % «0  kept  at  tsaperature  y l * , y ; f ) ; boundary  x=a  kept  at  0°C. 
Initial  temperature  f(x,y,s). 

SasinHaasl  jsluiisu 


In  view  of  the  identity 


oc  ( K - 


fi  ( y - yj ) 


da  d@ 
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it  is  readily  teen  that  the  expression 


s — 

= T7  (f  r*  It.*-,.*)  ^ Jf 


• /txni  ol  ( a - f ) jC*h*  /3  l y - t) ) 6 c*.  <66 

where  y = * <3t*  * P'  ^*Place  transform  of  the  solution 

u(x,y,tft)  vanishing  for  t *0  and  eatisfylng  the  prescribed  boundary  conditions. 
The  last  equation  yields 


m .*■  « 

w ( * . i,  Yr>  * IP  j d*>  dr)  J dX  Jj  <p  ( l ,7) ; t; 


^ ^ ; x , CL  t ) 4<i  i»  ( x - f J ^ y * doc  dfi 


where 


j e V t\ 


'A-Ww  vT  < 


r ' J f 


By  analogy  with  the  developments  in  Section  1,  Part  I,  we  car.  write  at  once 


where 


y ( y, T,  •*,  fi  > c * • $ i y.a 


iiy.ti  --  !s±  £ 


- 4«Vi 
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With  the  aid  of  this  expression  for  y ( $ ; T,  <*. } p ) and  of  identity 
(20)  the  expression  for  u(x,y,*it)  finally  becomes 


<P  ( 5 , i ; t -x> 


■j£ 


±£sJL 


dr 


In  view  of  the  identity 


dr)  d ( 


CTO 

jjj  flS,n,V 

V“ 


• jOem.  ex.  ( x - 5)  /&  ( y ~ *))  AxrQ.  K ( ^ J d « d/5  dJf 


it  follows  that  the  expression 


d f d 7)  d £ 


0 


. fjrd 

.2  / J _ 5 1 . / i’’*"  I 


J ( 


*8*  + 7 *)  * 


where,  by  analogy  with  the  developments  in  Section  1 fart  I 

V 

$ ( *>  %>)  *2 »*■)  ~ c ~ > - a 
$ (*  , y j-y  * 2 /waj  = -f  | X , y , 5.) 

is  the  Laplace  transform  of  the  solution  v(x,y,tjt)  which  vanishes  for  v=0 
and  zsa  and  reduces  to  f(x,y,s)  for  t**0.  From  the  expression  for  a/*  we  get 

tx> 

A*  (x,y,y,t>  - ipr  jjj  $(s>o,c)  d X dt)  ds 

- 00 

• ot  ( x - £ ) /xTt /S  ( y - f) ) f ( j-  * C ) d«.  dp  d . 


ytf 

e 


30 


■AVORD  Report  2159 


With  the  aid  of  the  identity  (20)  and  the  above  relatione  satisfied  by 
f x M^reeeion  for/ir(x,y,s;t)  beconee 

If  l<  -f  J*  * j y •*)' 

rfj&H  < n.n.V  e ^ «?“■? 


/fill  * <K 


<e»T  •'«»  » 


In  view  of  the  identitlee  (36)  and  (36*)  the  laet  equation  finally  be cones 


-■  T7kr2e  ‘ 


/7  . -Ls.  iXl-t-Lk^i!  r*  - . 

• II  e ***  dr)  J"  f K.I.C)  •2Lr  • 


As  a test  of  the  correctness  of  the  laet  result,  it  nay  be  noted  that  if 
f(x,y,s)  boponoe  a Amotion  of  s only,  the  last  expression  reduces,  in  view  of 
(26)  to 


dC 

in  afresnent  with  the  result  given  by  Car  slaw  [ l],  p.  ? 0 

Case  2. 

Boundary  s»0  kept  at  0°Cj  teooeratu re  gradient  <p  (x,y;t)  prescribed  on  vm. 
Initial  tenperature  f (x,y,s). 

fit rfnUPB  .91  JglMttgfl  yjaLels  tit) 

The  counterpart  of  the  expression  u*  in  Case  1 ie 

a ^ * * >>  ) = ~t  ^ d *60  jj 

• af«  -5;  (y  .yj)  dr) 


1 ' 


*1 
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where  i ? * * * pl 


The  last  equation  yields 


“• < *, y ,};  l>  3 


¥>(  f,y,  t-t; 


■ ( yt  T , a-t  p ) som  <v  f x - A>e*’  f)  I y -*j)  dec  dp 


where 


r fy.  *,  ~,s) 4t 


A*-r\X  Tk 
K Y a. 


with  r • J £ T~ZTT~p  . analogy  with  the  derelopaente  in  Section  2 Part  I 

we  have 


y t y,L  ~,t) 


L 


/Us** 


/ v * 0 n 

3 «. 


With  the  aid  of  this  expression  for  y-  ( y , t } <x;  p } and  of  the  identity  (20), 
the  expression  for  u(x,y,Sjt)  becomes 


u l x t ^ ; £ ) 


i 

l V -i 


( 2 /r  f ' ) l \ 


, t 


K 


dj_ 

‘T 


-T. 


d§  dT)  . 


Baclndgn  stl  wluttva  ddisiaiiD 

As  in  Seotion  2 Part  I the  solution  rt/(x,y,*it)  is  identical  with  the  solution 
of  the  problem  of  beet  conduction  in  a slab  of  thickness  2a,  whose  bounding 
planes  s^O  and  **2a  are  kept  at  0°C,  initially  at  a tempera ture  & ( * , u , y ) 
dafined  by  3 * 


f (* , y. ) ) = f < * . >,)  > for 

$>  f*  - y,  - > • * * > V,  ^1- 


£ < y c a,  and 

0 ^ ^ ^ 1 u>  ♦ 
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Starting  with  the  solution  In  Casa  1 we  ultiaately  get 


A.'- 


tJ  Z 


i V 1 ‘ ~ > 1 
2**1*  L >:- 


Lz*- 


A [ 2 ■»  * 1 ) rr* t 

TP 


t?  - t»  zSffiL  {* 

! ^ V„,r  ^ ^ 4 rj 


(7/**  * / i /T  C j«o 
a- 


Case  3. 

Radiation  at  the  boundary  »*0  Into  a nediua  at  teaperature  y-  (x,y,t)  j boundary 
•*aa  kept  at  0°C.  Initial  teaperature  f(x,y,*). 

The  counterpart  of  eolution  u*  in  Section  3 Pai-t  I ie 


' ’ ■ »■  >■* ; = 5 / ^ ^ ■ — S-'t;*  /V 

# - Oo 

ct  ( a - £ j /^u  fi  ( *))  d £ d n 


oJ 


^ere  y = J~f~ f **’  * ^ 


. Hie  laat  equation  yields 


/ , f | 

(l  f * '/  * • I / 

9 1 P f » 


S 

a , . 


P If  d': dy> l dT  ij  vi<tr>  l’x) 


t oct  f> ) yCcV  (X  ( x -$)  x^tr*  fi  ( y -7))  1"  dfi 


where  now 


* ly.t,  <*,a)6\ 


AstsrJl'  ^ f ^ • flj 

axtoA*  ya  * A Tc. 
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By  rnalogy  with  the  development*  In  Section  3 Pert  I we  have 


v (y, r> 


-i  (<** 

2 P,f>  e 


. *tl‘ 

r s.  e 1 

Z_  -c<7u.  ^ 


where  the  summation  extends  over  the  root*  of  the  transcendental  equation 

^ *■  a fi  ( * 0 


Substituting  the  above  expression  of  V / } ■ x > * < & > in  the  expression 
for  u(x,y,*it)  and  making  use  of  the  identity  (20),  we  ultlxately  get 


in  ±^SL  L^i  £& 

t ' * * a t } -C-ra. 


/ v 1 ' l>  e 


where  the  summation  extends  over  the  roots  of  ( » a/i  ^ : 0 

P«rWtt9B  gf.JBgtoUffB  iJjalafijtl 

By  analogy  with  the  developments  in  Section  3.  Pert  I,  we  put 


where 


' * - y , ) ; r ’ - ' '*>'}•}  > 

( * , y , a-,  *)  - 0 

Ty  A'J  * » f,}  J = 0 f°r  } ''  0 

fe  A'(  *.  >'  " 0 

^ ( * , y,  sf  1 - c 

(ij  ~ s r * * y,  >;  n foP  > : 0 
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Derivation  of  solution  rjt  (x,yfs;t) 


By  analogy  with  the  developments  in  Section  3 Part  I if  we  define: 

- i 

$ u>  'i,  - y * H/r-cLl  * * 1 x » 

$ (*,?,  *! > ♦ ¥<"a  * 

r 

then  the  solution  /v(x,y,*;t)  becomes  successively 


0 < ^ «=  a. 

i i +2  ^3  f , 


, /;/  T „ Iff  - 1>.  t <*' */}‘ * r‘)  t 

f ‘ , y,>;N  = P Ijl  $ <*•)  //  e 

• ^c<ra  <*  ( < -§y  -6<n^  /51  [ y - i/)  jt^ra  * ( J-  - f ) dot.  dp  d X 


M 


J*K 

TrVt/*  jjj ^ 


) e 


d § df]  d ^ 


uP*wll'  d?  dri 

•“  # 

7 '15.1.0  1 ‘ 

'O  


+•  e 


] 


-£[ 


_ ff*  _ L^j 


♦ e 


• ^a  - 2ai 


]}«c  . 


Making  use  of  the  identities  (36)  end  (36')  the  last  equation  ultimately 
becomes 


/ir  1 * • > 


t;  = 


3 rr  a £ 


. LLg-t 

e Va‘  ^ 

/ CL 


7 - 


d^n  / r(f>,n,U  '■**  -u^~s-  dK  . 
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Derivation  of  solution  TgCx,?, z;t) 

It  is  dear  that  the  expression  for  v2(x,y,i;t)  may  be  obtained  from  the 
expression  for  u(x,y,iit)  by  replacing  y (x,y;t)  by  -^(x,:  ,0;t). 

Case  A. 


Radiation  at  the  boundary  x=0  into  a medium  at  temperature  ^ (x,y;t)j 
boundary  *=a  impervious  to  heat.  Initial  temperature  f(x,y,i). 

Derivation  of  solution  u(x.7.i;t) 

The  formal  expression  for  u(x,y,sjt)  is  identical  with  that  in  the  previous 
cases,  except  that  y ( y:  r . <*,/S  ) mist  be  obtained  froei 


f (y.  dt 


■cruA  ? f $ ~ a) 

3"  -c/*aA  3 a t-  A 7 a 


Proceeding  as  in  Seotion  4 Part  I we  get 


'*  r,,?,  ';.J) 


yjr  ^ c 

A * * / r»“ — * ■ 

Z_  t * A ( / t } 


iJLL 


where  the  summation  extends  over  the  roots  of 

^ Xatv  ^ r a A 

With  the  above  expression  for  V'  (*>t,  , fi  ) we  ultimately  get 


u I *,>f,  ) ; fJ 


x . r ^ f / - * ) c.~ 

^ n t j z A ( I * a A ) * C~  } -ex-*  C 


Where  the  summation  extends  over  the  roots  of  the  above  transcendental 
equations,  ^ 

Derivation  of  solution  r(x.y,*;t) 

As  in  the  previous  case  we  put 

v(x,y»i;t)  ■ ^ (x,y,*it)4v2(x,y,»it) 


3« 


where 
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^r,  ( * > Y , y;  * > = -f  ( * » s ■ 

t -*  0 


dy  ^ ( * > >.  > ; * ^ - 0 - 0 ard  J-  r ^ 


^ ( *>?,&;*  * ~ 0 


(£  --M  *,y,  °;t;  *or  ^=0 


si  x-  m = 0 


-for  * = 0. 


Derivation  of  solution  /u; (x*y,E#t) 


The  derivation  of  A/:(x,y,*  jt)  follows  very  closely  the  developments  in  Section 
4 Tart  I and  those  of  the  preceding  case.  If  ve  define 


4>  (*.  ^ * + (*  ,y>i> 


f lj  = *(*,*,*'})•*  A - 0(i  l(t  2;  ...  + « 


C < i Q 


^ ' * ’ V*  * * ~ sfjri tF  | 


d 5 dn 


{\  * C ~ 7 /».  a y 

^ !T*t 


t C * 


+ e 


i)  ^ 


With  the  aid  of  (36)  and  (361)  the  last  equation  becomes 


^ 1 * , } i T } ~ 


¥k  a*t  //  e d’ 


dn  I' dC 
'0 


_s _ f 

2 n a.bt 


- Lr.y. 


ff  . I 

( *« 

<1  e 


df  dq 


7 ^ora  <uz£  dc 


S*»*' 
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Derivation  of  solution  *»t) 

It  is  clear  that  the  expression  for  *2(x,7,8ft)  Ba^r  obtained  froa  tha 
expression  for  U(x,y,s;t)  b y replacing  $0(x»y;t)  by  -^(x^Ojt). 

Case  5. 

Boundary  s *0  radiating  into  a a odium  at  tsaperature  / (x,yjt)j  boundary  **a 
radiating  into  a medium  at  0°C.  Initial  tempera ture  0°C. 

As  in  the  preceding  four  oases,  the  solution  u(x,>.tjt)  is  given  by 

/ «‘i  dnj'dl  jj  t-T) 


■ y,  (y:l , mtp  ) -"V*  or(  X-f)  Jt*r*  0 ( y - j) 


d^ 


By  analogy  with  the  developments  in  Section  5 Part  I the  function  f j ;! , .*,,V 
is  obtained  from  the  inversion  of 


A* 

j e p !};r  , 4-.fi) 


dt 


A,  { r^cJi  H (>-  a)  ♦ \ y ( $ - a)} 


where  ? - v/  i * **  „ p 1 


The  inversion  of  last  equation  yields 


f ( y< i , *,  fi) 

# 


J 

d. 


e 


r 

JlJL 


/ aA 


{ 2 t -> 


( ' ' \lS a. 
r . f 

\ /%<-**  ■ V * J 

<»  I 


- yxr*  u-  

a'A,  At  ♦ 4 ( /t  ■ A,  J ♦ ,c-o»-  s~ 


where  the  £,/  s 


are  the  roots  of  the  transcendental  aquation 


( a\A  \ ♦ i;1  j - a ( a * A,  J S 
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Substituting  the  above  expresssion  of  ^ in  the  expression  of  u end  staking 
use  of  (20)  ve  obtain: 


?t)  = 


; £h 

i ft  Cl 


±TT. 


Tvn  { ^ ( l - ^ sn  ~ S ( f ~ ’^j)  ) 

i j &W  + £(^\'r\  t * ■>*!}  vorm.  S^f 


j e • e ' — 


(p  ( 5,  ^ t -7  ) . dt  dij 


where  the  summation  extends  over  the  roots  of  the  above  transcendental  equation. 

If  in  the  expression  for  a ve  put  >1,-0  ve  obtain  the  solution  appropriate 
to  the  case  where  the  boundary  r=a  is  impervious  to  heat;  in  this  case  the 
summation  oust  of  course  be  extended  over  the  roots  of  the  transcendental  equation 
obtained  by  putting  -A,  = o in  the  above  transcendental  equation.  Sinilarly 
if  in  the  expression,  of  u and  in  the  transcendental  equation  ve  put  >,,=.»  , 
ve  obtain  the  solution  appropriate  to  the  case  vhere  the  boundary  s*aa  is  kept 
at  0°C.  Finally  it  should  be  renarked  that  when  t>>°  boundary  s*a  actually 
radiates  into  a medium  at  0°C  ve  must  put  hje-hj  both  in  the  expression  for  u 

as  veil  as  in  the  transcendental  equation;  the  reason  was  explained  at  the  end 
of  Part  I. 

Case  6* 

Boundary  z=a  radiating  into  $ medio™  at  temperature  (p  (x,y;t);  boundary  z =0 
radiating  into  a medium  at  0®C.  Initial  temperature  0°C.  ( 

The  procedure  is  entirely  similar  tor  that  of  Case  5.  The  expression  for  u is 
in  fact  formally  identical  with  that  in'  formula  (A)  except  that  the  function  y>, 
fay  analogy  with  the  developments  in  Section  5 Part  I is  now  obtained  by  the 
inversion  of 


J e f'(yt**,AS  d1 
'0 


>I1  { 3'  /Occl-  ~S  +~  A,  ■OA-'iT-rL  } 

( To.  t (A,-*,)*  <***'■  r* 


This  equation  yields 


. , J X i \”  " Jl  **'  " 

* r -}_e  e 


C_  ( C \ C.  » & A,  jvn.  \ t;,  l 

f * f aK  - A,)}  ^ Avt*  ^ < I + a I * ^UT«'  C., 
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whence  ultimately 


w ( *.  y,  >;* ) = 


_A.  r L L ±1 1 LJ 

2 n a Z_  f it  a.(h-Aj]  ^ ^ ' j * a < V*. ) + fj 


} 


/ 


* . t ILL  > - (iJ&ixxll  jt  ,7 
e 3 • e KT  ' T"  //  P *);  r'T  J d7;  » 


the  eummation  ip  the  last  two  equations  being  extended  over  the  roots  of  the 
same  transcendental  equation  as  in  the  previous  case.  If  we  put  : j*0  or  « 

we  obtain  the  solutions  appropriate  to  the  cases  where  the  boundary  s»0  is 
either  inpervious  to  heat  or  kept  at  0°C.  Final]  y for  reasons  previously  men- 
tioned the  factor  \ in  the  above  expressions  of  iff  and  u must  be  replaced 
by  -hj. 


Accordingly  the  desired  solution  actually  becomes 


ul- 


* 

a y C.  { C **+  X «•  a-  -ft  i } 

•nct  ~7  3 ( / * a*  J -al*.  - ( a5  A1  + 1 a,t>  ■ - C ) C„ 


4 


t • e 


dl 


og 

/ ? /?,»);  t-t;  df  dr, 


where  the  summation  extends  over  the  roots  of  the  transcendental  equation 

( £*  - a A'  j £*/«.  £ - 2 a A C - 0 . 

(In  the  shove  two  equations  we  have  written  h for  L-^- ) 

Casa  7.  J ‘ 


Initial  temperature  f(x,y,s); boundaries  e=C  and  *=«  radiating  into  a medium  at 
0°C, 


Va  put  *tV1+v2+Vj  where 

^ ^ >}') T ‘ ~ * ^ * > %>}* 

t -to 


= o f 


- C and 


} = a' 


"???  *>  * ) - ifc  I *>  y,>  ; r > 


i ' I 
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1 + fer  > C 

If  = - > * - 


t c i z 0 
s 


<J.Vj 


A I si-  r , - 


for 


> " 


a 


It  le  then  readily  seen  that « 

The  function  vj.(x»7»sjt}  is  identical  with  that  cf  Case  4* 

The  cacpreaeion  for  ▼_(x,yl*it)  may  be  obtained  from  the  expression  of  u(x,y,s;t) 
of  Case  5 by  replacing  (f>  (x,y *0  by  -Tl(x,y,0it) . . 

The  expression  for  T~(x,y,s;t)  nay  be  obtained  fro*  the  expreeeion  for  u(x,y,s;t) 
of  Caae.  6 by  replacing  <p  (x,y;t)  by  -^(x.y^ait) . In  obtaining  the  expressions 

for  Tj  end  v y it  should  be  noted  that 

Part  IV.  Heat  Conduction  in  the  Domain  Dj*  (- <r  x < ^ , o ^ , 0 < ^ < a.) 


The  prohleas  to  be  discussed  below  are  the  three-dimensional  extensions  of  those 
in  Part  II.  Once  more  we  shall  confine  ourselves  to  the  derivation  of  solutions 
of  pro hi erne  involving  one  nonhomo geneous  and  (in  this  case)  two  homogeneous 
boundary  oondltions  without  however  attempting  tr  exhaust  all  possible  com- 
binations of  boundary  conditions  of  this  type.  As  heretofore  a *u"  solution 
signifies  a solution  vanishing  for  t*0  and  satisfying  the  prescribed  boundary 
oondltions)  also  s "v*  solution  denotes  a solution  satisfying  the  prescribed 
initial  condition,  l.e. , in  this  oass  reducing  to  the  function  f(x,y,s)  for 
- 1*0,  and  three  homogeneous  boundary  conditions,  two  of  which  are  identical  with 
those  originally  given  and  the  third  being  obtained  from  the  giver,  nonhomogeneoue 
boundary  condition  by  replacing  the  second  member  of  the  equation  expressing  It 
by  tero.  % 

* 

The  subsequent  developments  will  follow  quite  closely  the  developments  in  Psrt  II. 


It  le  readily  seen  that  from  the  solutions  of  the  problems  in  Part  III  we  may 
derive  et  once  the  solutions  of  corresponding  problems  for  the  domain  under 


con elders tion. 


and  the 


factor  £ 


Spe  clfioally 

4^ 


by  replaolng 

(y  - 1i* 


- e 


' t'*) 


cK 


i: 


d»; 


we  obtain  the  solution  of  a 


problem  in  which  it  is  required  that  the  boundary  y*0  be  kept  at  0°C.  Similarly 


u 


I w* 


by  replacing  J drj  by  j dr j 
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roc  . L Ol 


e 


_ <_mi‘  _ moj* 


1 Kt  » /Tt 

+ e 


ire  obtain  the  solution  of  a problem  in  which  it  is  required  that  the  boundary 
be  impervious  to  heat.  It  will  therefore  suffice  to  diaouaa  problems  in 
which  the  boundary  is  neither  kept  at  0°C  nor  impervious  to  heat. 

Case  1. 

Boundary  y=0  kept  at  temperature  ft>  (x,ajt);  boundaries  *»<)  and  z*=a  kept  at 
0°C.  Initial  temperature  f(x,y,s). 

For  a function  $ (x,a)  defined  in  the  domains  0 < ^ < a,  we  have 

the  representation 

$ ( x > ^ ■ Y_  - } [ doL  j ***  r~-  c d c 

• J ? \\  ,~)  « ( x - U 5 

where  ^ . From  this  identity  it  follows  that  the  Laplace  transform 

bf  u(x,y»zit)  is 


V f°“  • 

* (* , 'j  , $ ; +J  = ^ £ } jc  d*  j ~ c d c 


• : e ¥ (>,$-;+)  ***■<*-  (n-\)  Of 


where  ^ = (J  + oe.1  * v*  . The  last  equation  yields 

K v > Kr ; A £ ^ / d,y  { ^ ^ » dc 


j Mo*  (*-\)  d\  I F f ? • s;t  - tj  ! r,l,  *,  *,)  dl 

J-  » -'t 


idlers 


/ e dT  * 

'a 
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It  ie  known  that 


v t y ; t, «. 


; t'nT 


(See  equation  (31)  in  4 ) 

Substituting  the  abovr  expression  of  •?  in  the  expression  for  u and  asking 
use  of  (20)  we  ultiaately  get 


u * rti  £ "v1  / " 


a Je  1 


C / d? 


. 1 • t ir 

/r  > •*  g»  n T 

e ’*'  • e ( ^C;t-T)  • V’  dT  . 


It  is  obvious  that  the  solution  ®x,7,z;t)  aay  be  obtained  fron  the  corresponding 
expression  in  Part  III  Section  1 cy  replacing  dy  *7  dr) 

» I J -mm  . <-  © 

_ Or’,)  _ -'y  . (r^J 


and  the  factor  » 


by 


. Thus 


'‘"‘•H-**’  1 7±Tr  L 


L 


(•  • i>/ 

•7T 


r r/.' 


/ 


/„  t 


/ dr) 


f / *-  - « _ sr.rz  , 

t \ C rj  • ; 0> 

' s » n » a 


C&B9  &e 

Radiation  at  the  boundary  yK)  into  a medium  at  temperature  cp  (x,s,t) ; bounda- 
ries  s*C  and  s«=a  kept  at  0°C.  Initial  temperature  f(x,y,i). 

Coapering  the  present  problem  with  that  discussed  in  Part  II  Case  5,  we  are 
led  to  the  conclusion  that  the  Laplace  transfora  u*  is  given  by 

dot  I £ dC 


« 

f i l,  v;  - «•  ( * - V . 


= it  £ 

> ? • 

i.  /_  *A 
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It  follow*  that  u(x,y,s;t)  is  given  formally  by  aquation  (A)  of  the  previous 
case,  where  now  y/  Is  given  by 


y-  ' y;*-,  «.  U dt 


p~'t 


A. 


where 


Comparing  with  the  developments  In  Part  XI  Case  3,  we  conclude 


v i r>x> 


-A/,.*. 

f A A t /. 


-V  - 

e ( e dp  ■ 


Substituting  this  expression  for  ^ In  (A)  and  Baking  use  of  (20)  we  obtain 


u ( X,  TJ,  y-,t; 

■L 


2 v 


77  ' 4 ^ I,  ^ L 


£ c ly*/)  e . 


The  method  of  obtain' -g  the  solution  v(x,y,e;t)  Is  entirely  similar  with  that 
of  Fart  II  Case  3.  Vo  have  ^ where 


^ y,  y; 1 J r 


} no  it 


I 


. *-r>Vt 
/>■  n ».  »* 

a-1' 


f dr, 


u 
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end  where  v^(x,y,t;t)  may  be  obtained  from  the  above  expression  of  u(x,y,*;t) 
by  replacing  (p  (x,*;t)  by  -v^(x,0,sjt). 

Case  3. 


Boundary  yC  kept  at  tsmperaturo  ^(x,*;t);  radiation  at  the  boundariea  s*0 
and  v*a  Into  a median  at  0°C.  Initial  temperature  f(x,y,s). 

The  method  of  deriving  the  solutions  u(x,y,a;t)  and  v(x,y,sjt)  ie  entirely 
eimilar  to  that  of  Caae  5 Fart  II.  For  the  derivation  of  the  "u"  eolution  we 
put  h • ♦ ttg  + U,  where 


±!h 
d> 
3 ui 


«*,( A , °,  y;7  ) - fp  f * , y,  n 


re  ■ 0 

♦ J r y z 0 ard 

* 

r a. 

. . j 

’ 4 U,  ( A , 7,  0; t J 

f c r 

J r 

• ' l 

0 

f C r 

>• 

r>> 

• J1  u r i 

ro 

1 * 

for 

> ' 

a 2. 

[ >?  u3  (x  , y,a;t/ 

for 

> : 

LLt 


t)  --  <s(x,.o.>;t) 


The  eolution  u~(x,y,»it)  may  be  obtained  from  the  solution  u(x,y,s>t)  corre- 
sponding to  Caie  1 above, by  replacing  sin  and  sin  > by 

cob  -PUT4  end  cos  -Ag-K-  respectively.  Thust 


u- 


j ' 


% > 


t J 


2n  &k 


40* 


x..-  «t  y 
* 


X<70 


»7T  C 


d C 


L ^ 


. Aan.t 

a 

e 


p ( S,  r;  t-i;  i‘Vc  . 


The  solution  u^(x,y,  l^t)  may  be  obtained  from  that  corresponding  to  Cans  5 
Fart  III  by  replacing  r 

jj  ->  ■*')  by  j d?  ! dr)  , ^ r a , y ; f ; bj 


( * , 7 , 0 *,  1 ) and 


- 


- e 


Thust 


u,  ( x u , \ • t ; = -A.  ) AJj 

’ *’  >’  1"*  L Ji.o( /•/,!» 


r.  1 a/.,  ^cV. (i ^ - Li_i£ 


!'■*¥■  i -h^'  , -tw.  n r „ r 

i e • e • { €•  -k  > T / ^ / u,  ( i,  ry/; . 


S„  4<n«  \.  * [ a>^,\  * O «'  J ♦ CJ] 

r • T ) dr) 
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where  i a 1 «nd  where  the  suamation  extends  over  the  roots  of  the  transcen- 
dental equation 

( a j\t  ^ ^ i ( A ' ^ s 

In  entirely  similar  Banner  the  solution  ^(x^y^tit)  nay  be  obtained  from  the 

solution  u(x,y.s;t)  in  Part  Illy  Case  6 by  substitutions  identical  with  those 
for  iti(x(y,s;t)  above.  Thus: 


M *.  - 


a.  r 

! rr  a.  Z_  { 5 f o (A  ♦ f “A  A 4 M V**  * * £•'}  'ura-  C* 


fi  .hll*.  ^ -W)  d7  \°°  , t T)  d 

/c  • e • { e ■ - i e.  J~JdM  “i < f,  9,  M_TJ  d>) 

where  <5*1  and  the  emanation  extends  over  the  roots  of  the  above  transcen- 
dental equation. 

If  in  the  above  expressions  of  and  u^  and  in  the  transcendental  equation  we 
put  hg  * 0 or  h2  * °°  we  obtain  the  solution  appropriate  to  the  cases  where 

the  boundary  s*a  is  impervious  to  heat,  or  is  kept  at  0°C.  Similarly  if  we  put 
hj  « 0 or  hj  « ^ we  obtain  the  solutions  appropriate  to  the  cases  Where 

the  boundary  s*0  is  Impervious  to  heat,  or  ie  kept  at  0°C. 

For  the  derivation  of  v(x,y,sjt)  we  put  v = v^  + v^  wher*> 


"^7  ^ 1 ' * f *> 


Y~‘  = 0 for  ^ = 0 a nd  ^ * a 


^ ( *,  1 > s 0 


*•  y,>; t ] = 

0 

d/V, 

d> 

for 

> --0 

&4S-, 

*b 

^ ^ f y * °-;t^ 

for 

c* 

ii 
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The  expression  for  ^(x^sit)  aa y be  derived  fro®  that  of  v(x,y,*;t)  in  Case  1 
a bore  by  replacing  sin  7f  \ and  sin  -*  Vs  by  cos  r.i.  n^.  ana 

0.  a.  0. 

cos  r-  respectively . Thus: 


( x h y-1 } = 


2 Tl  £ f 


S^Pi 


/trrr  ■> 
a 


4»VT 


■J. 


' * 


d' 


where  = 1. 

Co* pari bo n between  the  boundary  conditions  satisfied  by  V2(x,y,tit)  and  those 
satisfied  by  vu  and  ^ above,  leads  to  the  conclusion  that 

1 *•  f,  }->t  * * (ty,);1)  * ( *,  i,  }; 


where  0^  is  obtained  from  by  replacing  u^(r.yf0,t)  by  v^(x,yfO,t)  and  where 
S2  is  obtained  fro*  u2  by  replacing  u^U^a^t)  by  ^(x^a^t)  where  ^(x^ijt) 
is  given  above. 

Case  4« 

Temperature  gradient  a>  (x,»jt)  on  y»0;  boundaries  *»0  and  sma  kept  at  0°C. 
Initial  tasperature 


By  analogy  with  the  developnents  in  Case  1 the  Laplace  transform  of  the  solution 
U(x,y,*;t)  le 


n o 


L 


jA"*- 


L 


J'  dcx  j *ir-  dC 

— - A.  f 

— ® ( 5 , a****  l i-\) 


where  fi^z  j Iji  *■  «•  7 r„’  and  2^  = . From  the  last  equation  we  get 


u ( x 


All 


ec 


m n j 


/ d«  / 

0 • C 

' A 


a 


t; 


V*  «,  dT 


47 


V 


IAVORD  Report  2159 

wfaare  ly  is  obtained  froo  the  inversion  of 


v^- ' •*'  ' r-' 


^ if  * <* 1 • ~ 


By  analogy  with  the  expreeelon  for  the  function  V of  Part  II,  Case  6 ve 
write  at  once 


- & ■ 


JJ  -<*<■«*•  ».*»f  -rtf 


whence  ultimately 


Y"  ^ ^ 

7TT 

t _ <»  • tj‘<  y*  . * «Vt 
»* 


/7  - fJ  » . • 

^ d r 

a 


W 


V (£,S  ; t-T)  t"  dT 


The  eolution  v<z,y,x^t)  ia  identical  with  the  solution  v^(x,y,a;t)  of  Case  2. 
If  in  the  above  expressions  for  u and  v we  replace  sin  17 ^ and  a in 


/r,  V 


lay  ooa  — and  ooa  — -P-T  respectively  wa  obtain  the  solution  appropriate 
to  the  case  where  the  boundaries  >*0  and  s**.  are  inperrious  to  heat.  Similarly 

*1  7>  \ A _«  _ <■*.  77 


if  we  replace  sin  — and  sin 


a 


jL  bv  sin  ILsujUL}  and  ain  .( 3 ~ * ' > n ,C 

2 o.  ) 


wa  obtain  the  eolutlons  appropriate  to  the  case  where  the  boundary  *=0  is  kept 
at  0°C  while  the  boundary  s*a  is  i* pervious  to  heat. 

Case  5* 

Temperature  gradient  <p  (x,*;t)  on  y*C;  boundaries  *=C  and  sae  radiating  into 
a nediun  at  0®C.  Initial  temperature  f(x,y,*). 

Tha  dariv&tion  of  the  ru"  and  "**  solutions  is  similar  to  that  of  Part  II,  Case 
6.  For  tha  darlvation  of  the  "U*  eolution,  we  put  "uf  ♦ Uj  where 

^ --  * y = c 

iu-f  = 0 for  J - 0 3rd  »>  ; & 
dj.  f 

Sj“i  - lOl  2.  0 for  •,  : o 

c ¥ J If  7 


4S 
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If  -*“•  - 1 o“' 


tor 

tor 

t 0 r 

♦or 


> = ° 
} =fc 

>-° 

}'  a 


The  Laplace  transform  of  may  be  obtained  from  that  of  the  previous  case  by 


replacing  sin 


and  sin 


a cl 

respectively.  This  leads  ultimately  to 

/ I / \ 'i 

/ / 


-*-  - by  oos 


SXK)  008 


* 2E-> 


- 1 - jC  - Ag-'h-L 

e • e 


P f 5,  SJ  ! -t)  t"  dT  • 


The  solutions  and  are  formally  identical  with  the  corresponding  solutions 
of  Case  3,  except  that  now  £ * - lf  h^  = h,  h2  * -h  and  u^  is  given  by  the 
above  equation. 

The  solution  v(x,y,s;t)  is  given  by  V * v^  + v2  where  v^^  iB  obtained  from  the 
corresponding  solution  of  Case  3 by  putting  £ » -1  and  where  v^  is  obtained  in 
identical  manner  as  that  described  in  Case  3. 

Fart  V.  Heat  Conduction  in  the  TVmmln  D^”* 

( 0 < X < aO  , 0 < ^ , O < a / 


If  in  the  solutions  of  the  problems  in  Part  IV  we  replace 

- L\  U'  - ItlUi 

/ dj  and  the  factor  c ***  by  e V*1  i 

' 0 

at  once  the  solutions  of  corresponding  problems  for  the  domain  under  consideration 
for  the  cases  where  the  boundary  tf"0  is  Impervious  to  heat,  or  kept  at  0°C, 

For  this  reason  and  because  of  the  geometric  "similarity"  between  the  boundaries 
xrt)  and  y*0  it  will  suffice  to  confine  ourselves  to  the  discussion  of'  problems 
in  which  the  boundaries  a*0  and  y*0  are  neither  impervious  to  heat  nor  kept  at 
0°C.  As  heretofore,  it  will  suffice  to  confine  ourselves  to  the  discussion  of 
problems  involving  a single  nonhomogen sous  boundary  oondition. 


I 


•Kt 


we  obtain 


"'■  n*  '-Tv-tv*, 
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Case  1. 


Boundary  y*0  kept  at  teaperature  p (x,  x;t) ; boundary  radiating  into  a 
Bedim  at  0°Cj  boundaries  a*0  and  s°a  kept  at  0°C.  Initial  temperature  f(x,y,»). 


In  order  to  obtain  the  solution  u,  we  put  u * where 


( x 0 > • T ) 
.>  » j > 

- p t 

u. « * , a 

,i;t)  = 0 

* 0 
3 * 

f 6 r 

* z 0 

U>f,) 

= 0 

r 

' 0 

t * 


£ or  x r 0 


The  eolation  U^  nay  be  obtained  fron  the  solution  u of  Bart  IV,  Case  1 by 
ae mining  (p  (-x,s)  » <p  (x,*).  Ve  thus  get 


■ u/ 1 * > *,  y, n 


r /' 

tt  a.*  /_  0 -4 


^ ^ ^ d£  J d£ 


_ Jtl  . *vg~ 

7 e • e ^ 


Tho  solution  u0  nay  be  obtained  fron  the  solution  U of  Fart  IV,  Case  2 in  the 
following  Banner  i 

a.  Interchange  x and  y and  replsoe  £ by  rj  and  y y% 


b.  In  the  expression  thus  obtained  replaoe  the  factor  e by 

L ^jal*  - 

■*>  a and  the  function  <p  (x,*;t)  by  - ^(O.yjSjt).  In  this 


e t 6 

Banner  we  get 


ui  r ' J d^j  dT? 


t r - Cxznl’  _ iiiif,  _ i^Ll 
I TiT  r m 


t a a «• 

e * 6 e 


M,  f 0,5,  T'1  dt 

’-A,  - ^ 


, U«-p> 

J e (x-fy>;  e dy> 
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where  6 = -1. 


Derivation  of  solution  v(x.y.z;t) 


In  order  to  obtain  ▼,  we  put  v = + Vg 


!i  5 ^ ( * > y > } ) 

t ->  0 ' 

Su-'  - 0 for  y - 0 , J.  * o and  ^ ' a. 

= 0 for  x : 0 

d ji 

fcl > z.  0 

/L-  = 0 for  ^-0,^-0  amd  J. « a. 

5^-*  - ( 'ir.  +■  /’»'■  ) for  % - 0 

A v 4 ' * 


The  solution  Bey  be  obtained  from  the  corresponding  solution  of  Part  IV, 

Case  2 by  interchanging  x and  y and  by  replacing  in  the  expression  thus  obtained 

£ by  7)  , jT'  df  by  and  the  factor  e ***  by 

e -a 


In  this  Banner  we  get 

<ao 

; .T7T7  E 


a1 

As.'r^  — -~r  , • i* 


/“r  - -L^1  - (y  r,;*  . (l-  f/ 


. L>u_S2‘ 

•nrr 

e 


with  d * -1. 


The  fnnction  nay  be  obtained  from  the  expression  for  u^  by  replacing 
ul(  0 ) ^ > i i * ' ^ 0 , ^ ) vdiere  i8  given  above. 

If  in  the  above  derivations  ve  interchange  x and  y we  obtain  the  solutions 
appropriate  to  the  case  where  the  boundary  x*0  is  kept  at  temperature  (p  (y,s;t). 

The  boundary  j=0  radiates  into  a median  at  0°C  and  the  boundaries  z=0  and  z^a 
cure  kept  at  0°C. 


51 


*■£  i*V  % fc*  fy^UnV  < YV>;>\ 

BE  3 tenadw^B*  *af  «fe£  «■*  Vfe^  fc*  ^N\  Ytoiifci  tv^’*W\\W  V\>A','^ 

Ie  crd«r  to  dtriv*  tfc#  N»*  «**\fct*«*>  v»  V v Y^  » A,  Y*>w 


4v’ 

r ^ * 0 r 

\ 

< 

• 

4*  - 

f(Ai:?! 

* ? i i,  r 

»s  f v , 

■ O - ii  |i 

J ' ‘ ) 

V , ^ : ’ ) - r 

i 

- fS  I 

>•1  * 

1 u 4 f u, 1 

1 H i y h 

3Ui 

- 0 h,. 

V M 

ft)tt  - n,i> 

. y -»/'/-  6 

MisfdM  ^ ttf  b#  «*Uiir*S  ftm  f,M  n*fi*niHk  a h*  P»H  ti.  b£§t  ft  ^ 


r«. 


V /‘ 


4*  *iVf  £fr*  f***M 


fW 


l-i.rj'  _ ‘tty 


^ S \ 


fr'S' 


~ / 


,r  / ^ f 

' / 


'">’  l'1  / n 

/ ' 


*/~ 


:/  r ^'r 


J^JL^  f4*p«ftly  l^K{iS¥l  vftH  tiM  &iv*A4fi  k,  o*  »M-  r/^-rW.,. 


- tfcir  *f'r  A yti*,  ■?•  *C  /'  + r 

J ' 


->£  ' . r 

i 1 


! X ^ , >,  * 


1U VO HD  Report  2159 


Case  2. 

Boundary  x*Q  radiates  into  a nediun  at  0°C)  tsaperature  gradient  <f 
on  y«C;  boundaries  %*C  and  »*a  kept  at  0°C.  Initial  teaperature  f (x,y »*) . 

Is  order  to  derive  the  "u"  solution,  we  put  u = ♦ u2  where 

0 for  , . 0 


d x 


hi*  Z <je  ( X yy;l)  for  y x o 
U,  ( * , ^ , 0 ; T ) r u.,  ( x , y , a.;  t ) = 0 

3~J  r AUjt  Ui)  fir  X ~ 0 

a A 


: 0 


f o r Tp  z 0 


M*  ,y  ,o;t}  - r 0 • 

The  solution  u.  nay  be  obtained  frost  the  solution  u of  Part  IV,  Case  4 by 

* . . (t -n‘  . (■>;)' 

/ — f—  - «t  e k r **t 

d?  by  dS,  and  the  factor  e by  e «-  e 

- '• 

Thus 


< * . V » > ; 1 ) - 

-j.  y 

n a / 

As-m- 

— /"  *> 

L- 

<e  » 

■'a 

rt  V f 

- <ii  £/ 

1 

V‘t 

y * « ♦ 

♦it 

e 

J ' e 

^ i‘di 


P I di  . 


The  solution  is  formally  identical  with  the  solution  u^  of  the  previous 
case,  except  that  now  S ■ 1. 

In  order  to  obtain  the  "v*  solution  we  put  v ■ ♦ Vj  where 

'V'”--  • •,  > « , y . ) I 1 ; s f ! * . V > 

I ♦ c 

! 0 ' f c r > » 0 

3 * 


dn.r. 


- 0 


I U r 74  * 0 


irt  = 0 for  y - 0 3rd  ^ 
/>,-  ( * , y : T ) - 0 

t 0 
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~ - G i or  U = G 

Sl~  z 0 '•Or  : r'  an<^  }■  z O' 


= ^ 


f nr  J = G 


Tha  expression  for  v^  la  identical  with  that  of  tha  previous  case,  except  that 
now  <$  * 1.  Tha  solution  Bay  be  obtained  fro*  tha  solution  by  replacing 

ui(  0,5,C;t  -T)  by  vA  ( 0,  r Xjt-t). 

If  in  tha  derivations  under  Casa  1 and  Casa  2 wa  replace  sin  and 


by  cos 


and  oos 


we  obtain  the  solutions  appropriate 


to  tha  cases  where  tha  boundaries  v*0  and  s*a  are  impervious  to  heat,  the  other 


boundary  oondltlons  being  tha  sane  as  before.  Similarly  if  sin 


are  replaced  by  sin 


and  sin 


we  obtain  the  solutions  appropriate  to  the  case  where  the  boundary  **0  is  kept 
at  0°C  while  the  boundary  s«a  is  impervious  to  heat. 


* 

Part  VI  Heat  Condition  in  the  Domain  ( 0 - a < o , 0 ± ± /■  t - < y < *-> 

Case  1« 

Boundary  y*0  kept  at  temperature  <p  (x,z;t)}  other  boundaries  kept  at  0°C. 
Initial  temperature  f (x,y,s) . 


By  analogy  with  the  developments  in  Part  IV,  Case  1,  tha  Laplace  transform  of 
ti  is 


‘ *•}  >^)  Z ~na  J”  ^ j d)  J 


t ( i>  - d C 


whars 


X ' 
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The  la^t  equation  yields  in  the  usual  Banner 


U) 


w u » y y 1 ; = ik.  £ ^ j ,,3r  f 

L -/ft  * a 


At-Ti/  d ^ 


■ j *jc+  V (■}  - ?r>  d C / p f ? , C;  t -x. 


r > i,>>,  - V-  ( y,z, <**,?)  < 

-e 

where  the  function  >>  is  obtained  from  the  inversion  of 


dt 


/ 

y e V-  ! ^ : I , , "J  ) d ; 


( J-  - tyj 

jOSS*-.*\r  & Pt 


In  view  of  the  deveiopaaents  in  Part  I,  Case  1 (equation  (16),  (19)  and  (24))  we 
can  write  at  once 


* JV t 

V’  ( y;  f,  ■**.,  = e • f><  y;  t; 


when 


(p  { y;  t)  s ^ ' 0 


J*% 


With  the  aid  of  the  last  two  equations  and  of  the  identity  (20)  w ultimately 
g*t 


/TL7T  A . • 

/?rt  ; -a^Tu- 

A 


/Tr>  C I4 

— r- 


-'*•  - * /rr, : / 


/ 

; ^rv  ^hZLl 

A a 


<»{/<'?/ 


p /'f;  C;  t -'t/  ■ e 

/ ^*j*n*7  $ -v  v*  i ) 

( dT 


•w 


vx 


Derivation  of  solution  v(x.v,»f.tl 
As  in  Fart  III,  Case  1 ve  have 


" i *,  y,y,t  ) 


*s 


J d ; dv( 


Jf  t 

» S a ( Jr  - £ ) sC*ro>/3  fy  - ^ £)  dad/?d£ 

0 


v 
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where  by  analogy  with  the  developments  there  the  function  cf>  mat  satisfy  the 
conditions 


i ( 

« * *•«*,  >-,* ) 

= -r  ( x , ^ i ; 

0 < x ± a. 

f f 

- x t ^ , j ) 

s -f  ' x . 

yn.  - t.  1 , t 2 , t i , 

? < 

x , ^ ■#  3 ^ ^ ; 

r ] 

0 - V - ^ 

x , - v + * ^A,  J-.) 

- ' f < X , v , > > ■ 

i 90 


With  the  aid  of  identity  (20)  and  of  the  last  four  equations,  the  solution 
▼(x,y,s;t)  becomes 


■v  ( *>  t,  y,* ) - g(nj ftp 


" <n. 

.4  r wS£- 

■ .'w*  LI5 

jm  t.«e 


ds 

1<  . » ■ lMl'  1 

1 

1*  t 

1 d£ 

J 

2^ii*  _ jj 

a 

o 

t>  e>  t 

) drl 


Making  uce  of  tfco  identities  (36)  and  (36* ) the  last  equation  ultimately  becomes 

®£_ 

, — j_  - \ y 

a-^V  n A T /_  /_ 


-V  ( * 


/>'<-  TC  K 


/2^<v  ■ — ~ 


> 7 » i 


! y, 


* r I -W  r I 


AXSTv'  ^ ^ T( 


- i>-.cr 


/-  ao  - -W - ■ 

d*]  f($,n,s  > e di 


Case  a. 


tempers tur«  gradient  p?  (x.s;t)  on  boundary  y»bj  other  boundaries  kept  0°C. 
Initial  tsmperatttrs  f(x,y,s). 

kir^vtea  qf  gplvttgfl  vU.y.»;t) 

The  counterpart  of  the  expression  for  u*  in  Ctse  1 is 


^ ( « » ? . j s -^r  ^ ***  *0*  / dr  Je  df 


r ^ 
L A - 


A.^- 
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where  A - 


The  eolution  u(x,y,s;t)  le  formally  given  by  equation  (A)  of  Case  1 where  now 
f is  obtained  fro*  the  inversion  of 


,/  e V ( Y - T 7 ' d 1 


AvrJl  A,  y 

A 


Aa  in  Part  III  Case  2 we  have 


( y;  T , tx*,* ) 


1A. 

b 


-AfoJ  * >*•’  t 


an'  o 


/usn,  n# 

Ti 


Making  use  of  the  above  expression  for  5/  and  of  identity  (20),  formula  (A) 
of  Case  1 ultimately  yields 


•rw  ~n : o 


Derive tion  of  eolution  v(x.y.».t) 

As  in  the  prohlem  in  Pert  III  Case  2,  the  desired  eolution  1s  identical  with 
that  appropriate  to  a domain  identical  with  that  of  the  previous  case,  except 
that  now  y ranges  from  0 to  2b,  the  two  bounding  planes  yK)  and  j»2b  as  well 
as  the  boundaries  a*)  and  xna  being  kept  at  0®C,  the  initial  temperature 
$ (x,y,s)  being  defined  as  follows: 


4 


^ , i } *1  tor  Q •<■  'j.  •*-  & 


t M-y,y 


* 1 * , V-  })  for  + * f * 2A 
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Starting  with  the  expression  v(x,y,s;t)  of  the  previous  case,  we  ultimately  geti 


^ 1 * * j S />  '* 


a A \ [_  [_ 


-u^£ 


df  \ Ll-^Lhs  3,  f Ul.r,,;:  e 

* O J.+O 


Case  3. 


Boundary  y*»0  radiates  Into  a medium  at  temperature  p ; other  boundaries 

kept  at  0°C.  Initial  temperature  f(x,y,s). 


ition  oi 


By  analogy  with  the  developments  In  the  previous  cases  and  in  Part  III  Case  3, 
the  desired  solution  has  for  its  Laplace  transform  the  expression 


x ( * * i * > ; ^ > r . irt  £ — ^r1  / dt  l 


^ c/  (f 
a » 


* ( ? n.>>J 

/3^  x A ♦ A ^ ’7  * ' ^ 


a.  * vT 


*•  ♦ 


* ♦ y*  and  at,*.  : 


The  Inversion  of  the  last  aquation  yields  formula  (A)  of  Case  1 where  now  ^ 
is  obtained  from  the  inversion  of 


e **  f ( y;  T,  * > dt 


A,  ^ J 

Av  <^A.  ^ ' A 


The  counterpart  of  the  formula  for  ^ in  Part  III  Case  3 is* 


My;',-..'1  * 2 A 4 e 


?';t 


y ""('-tit.  £_Z*L 
Z_  {(  ■ • /A  > *■  C^j  C 
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Substituting  the  above  expression  of  if/  in  formula  (A)  and  making  uee  of 
identity  (20)  the  desired  solution  becomes 


oo  co 


t , / w , , + 1 _ 2 -A  ^ \ • /HTT  K 

- “77T  l_  L 


L 


-»n-l 


C».  ^ ( i -Jj  C> 

* {(,  * 


ell  4l  a*  *W  .T 

~~  «{  /_<K  j'  *(%,<;■,* -v  e e e ■ 


where  the  C—’e  are  the  roots  of  the  transcendental  equation 


S ♦ ir*  jfcft*,  5 « 0 . 


Derivation  of  solution  iLseZaliil 
We  put  v * + Vg  where 

ft?  "?  < * s 
^ s 0 
4— - 0 ^Or  y.  - o 

^ y> * ; * • ; * 0 

^ ( 1 ’ 

■■J—  C & i V\  r tc ) for  1^-0  . 

4 

The  solution  v^lxiJ****)  is  identical  with  the  "v”  solution  of  Case  1 provided 
that  y now  ranges  from  -b  to  b and  the  initial  tempera ture  $ (x»y,s)  satisfies 

the  conditions 


<|  ( X ♦ 2 n,  i , y. , J. ) . i- 

f 

i 

0 1 

X ■£  X- 

§ ( - x * 2 mx  , y,  J ) 

r 

' f 

'****¥,? J } 

+■ 

' " “ j ” 

2 ± 3 

t ( X - 

f 

1 

0 £ 

V - * 

$ ( fy-  ^ ^ J 

- 

/n.  r i /,  t 

2,*3,  • 

(See  also  Fart  III,  Case  3) 
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Proceeding  as  in  Case  1,  we  get 

r~  . feJX 

'*•  7 e 

\ • <»o 


z'0-  f r . (*  i -‘‘X'hl 

•/  n«  "r 

■ [ £| 

L ~ 1 


*«f 


( \j.4  n • * *n£) * «*  -n  - V^)1 

r f**r  ~ r f 

e f-  e 


<fn  - -2  o.) 

i f +*t 


1^-  ^ »¥*>i  /--?&) 


Making  use  of  (36)  and  (.36*)  the  last  equation  beoomes 


^ >■ n = rzfcrr  L 


m V-  * yyra  I ?"”  * ^ * 

O'  X 


ma  m*t 


^ df  [ 


’ * a*  * ‘)n 


~ . (Arf/ 

^ *1  f U.l.c;  e ^ dc 

J«oc 


The  function  V2<x,y,*;t)  may  be  obtained  from  u(x,y,s;t)  by  replacing  w (x,s;t) 
by  -VjUtOjSit). 

Case  4* 

Radiation  at  th«?  boundary  y»C  into  * »*dty»  at  temperature  (f  (x,s;t)j  boundary 
y=b  Impervious  to  heat;  boundaries  X"0  and  x«a  kept  at  0°C,  Initial  temperature 
f(x»y,s). 


The  solution  u(x,y,s;t)  is  once  more  given  by  formula  (A)  of  Case  1 where  the 
function  f is  obtained  from  the  inversion  of 


f e f l t,  «■*,  r ) rft  = 

J o 


■A-  /CdTttX  /9^  (p  -£r) 

A*,  ****  An  * + A jua'JL  /£,  A- 


where  fa  = and  «*.  * •— 
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By  analogy  with  the  expression  for  y in  Part  III,  Os.se  4,  ~~  have 


V ( y,  t,  *)  = 2 AM  e 


♦ '*/ 


. V 

Z.  {( ■'■>**)  **>  * r 


where  the  £^*8  are  the  roots  of 

£ tan  ^ = bh . 

Substituting  if/  in  formula  (A)  and  using  (20)  the  desired  solution  becomes 

JAM  Y Y ^ — W.  ssrvh-  f)  — 

'*  irr  Zr,  {(  i «■ 

f .ail:  -i^XT 

•/  ^ ^ df  f dC  / f»(  5,?;t  -t;  e • e • c • ^ 


a*  "V/rr 

e • C 


We  put  ▼ * + v2  where 


— ^ = 0 
3 3 

for  ^ - 

0 and  »_<  = .£ 

/v,  = o 

for  X r 

0 and  x = a. 

• 

a&srr^ 

t -*  0 

^ r ^ , 

j.;  t;  3d 

* 3/w; 

*> 

= 0 for 

'/  r * 

;3/y» 

A,  ( 

for  = 0 

/l/j  = 0 

for  x = 

0 and  x = &- 

The  procedure  for  deriving  Vj_  is  similar  to  that  for  the  derivation  of  v in 
Case  1,  except  that  the  function  <£  must  now  satisfy  the  conditions 


4 ( * * 2 ">«•,  } > - Mx , \)  | 

<M'*  * 2/no.,  Y,})  ' -f  ( *,%,}>  1 

<i>  f ^ y)  - f | 

$ ( -X , y.  + 2 m.ir  * & } ^ ) - f < X , y..  3 ) J 


0 Z.  X £ Cl. 


/t  - ± • t 2 t ? ■ • ± 

> > 5 


0 ^ i ^ 
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Proceeding  as  ±n  C»et  1,  we  get 


- < * - .*  - 3 /r  ^ 

**  r 

e 


p 


/ * * 


t ~ J mq_  ) 
*A't 


d£ 


- 


-1a 


l*i4 


- 3 

*Mft 


dr^  . 


Making  use  of  the  identities  (36)  end  (36*)  the  last  equation  ultimately  becomes 


The  expression  for  v2(x,y,*it)  may  be  obtained  from  the  expression  ibr  u(x,y,s;t) 
byreplacing  (p  (x,z;t)  by  "vl(x,Q,»it) . 

Case  5. 

« 

Radiation  at  the  boundary  y*0^into  a medium  at  temperature  <p  (x.z;t)j  boundary 
y=b  radiating  into  a medium  0°Cj  boundaries  x=0  and  kept  at  0 Initial 
temperature  0°C. 

The  solution  u(x,y,s;t)  is  given  by  formula  (A)  of  Case  1 where  p is  obtained 
from  the  inversion  of 

I e**  P ( i «v  * ) dt  = — i A-  : All A.^Ji 

wJjere  as  before  /8n  --  J f * oC  + y1  and  • 

(The  second  member  of  the  last  equation  is  the  counterpart  of  the  corresponding 
expression  in  Part  III  Case  5 with  hj  = h and  b2  * -h> 
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By  analogy  with  the  expression  for  V'  in  Part  III  Case  5 we  have 


V'  ( y ; 1 , J j 


A 


) e 


> K 


K ' / l /i^/  fr*  J 


■ ” — / * iir  ] 

/r.  v .r-  V A- £ ^ m j 

1 * Ah)  s~  C,.  ' !s^  - AV:’  - * A A) 


» _ 


where  the  summation  is  extended  over  the  roots  of  the  transcendental  equation 


(-*  - yx)  Usr^ 


- 2 jo  A.  ^ ~ 0 . 


Substituting  the  above  expression  of  ip  in  formula  (A)  of  Case  1 and  using  (20)  . 
the  desired  solution  becomes 


u ( ) 


a^"v/rr 


\ V ■ *ni 


L 


v„, }*+■  | - 1 ) - C^.  a - 'J  C., ! 

2(1  * j'A)  ^ C^v  + ( C " c. 


dC  / p ■ e 

wO 


a* 


inf 


dr 

VT- 


where  the  s are  the  roots  of  the  above  transcendental  equation. 

Case  6. 

Radiation  at  the  boundary  y=b  into  a medium  at  temperature  <p  (x,*it);  boundary 
y=0  radiating  into  a medium  at  0°Cj  boundaries  x=0  and  x*=a  kept  at  0°C,  Initial 
temperature  0°C. 

The  solution  is  given  by  formula  (A)  of  Case  1 where  ip  is  obtained  from  the 
inversion  of 


l 


-A‘ 


f ( r, 


t 


T ) df 


- A ( *■  A.  /usnJl  fin  fr) 

{ A-.’  + /, J ) yaCrJ>~  /3„  Mr  <-  2 A ,5^  Mr 


(The  second  member  of  the  last  equation  is  the  analogy  of  the  corresponding 
expression  of  Part  III,  Case  6 with  h^  - h and  h2  = -h) 
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By  analogy  with  tha  expression  for  \f  in  Part  III,  Case  6 we  hare 


\0 

t 


I ...  t 

' r > » 


V I 

— 71  J * / 


HJl 

a 


j . + ^ * 

- ♦ >7f 

e '6 


^ (:  *.  ffg:  j-  C. 
2 (l  * th ) Cw  ^ 


* IA  } 

+ { - Jrx.y  -2  »J  x^rtt-  C’ 


where  the  ^ ^ ’ 0 are  the  roots  of 


Tm*  C -iW.t  = 0 . 

Substituting  the  above  expression  of  f in  formula  (A)  and  using  (20)  the 
desired  solution  be  coses 


u ( * 


i • 


/ ■> 


f ; 


- javT  y yyx-a  £ c,  i ^ 

abJTF  L_  [_  - Q-  2(n^ti)C^C.  + ( c - b^-ibrA)^  C^. 

*).-/  -o.  :/  •***• 


^ I pO-.S;  t-T)- 


dl 

AT 


where  the  ^'s  ore  the  roots  of  the  above  transcendental  equation. 


Case  7. 

Initial  teeperatmw  f (x,y,s)  j boundaries  y*€  and  y=b  radiating  into  a eedlun 
at  0°Cj  boundaries  x*6  and  x**a  kept  at  0°C. 

The  procedure  is  entirely  sinilar  to  that  of  Part  III,  Case  7.  We  put 
v * -f  V2  + Vj  where 


?>v»  /V* 

t -1  c 

(* 

• y 

’>*>  11 

- 

f ( • 

K>  V.) 

. ° 

II 

4^ 

f 0 

n 

2K 

L 

0. 

and 

n 

} -? 

/y,  - y 

f 

o r 

X - 

0 

and 

A 

II 

>r 

1 *>Y>} 

• ? 
> 

A = 

t-f  0 

"j 

(*, 

?’  y> 

bATx 

* 

* *\) 

for 

f 

r 0 
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cr  H 


-*(/•'  i ) r o i 


/>s  - /V - 0 TO  r K - o and 


It  1*  thee  readily  seen  that* 

The  solution  v,  is  identical  with  that  of  Case  4> 

The  expression  for  v%  may  be  obtained  from  the  expression  of  u of  Case  5 by 
replacing  p (x,Bjt)  by  -v^(r,0,*;t). 

The  expression  for  nay  be  obtained  from  the  expression  of  u of  Case  6 by 
replacing  tp  (x,*;t)  by  -^(xjbjSjt). 


If  in  the  "u"  and  "v"  solutions  obtained  in  the  preceding  oases  •»«  replace 

sin  - and  sin  — »■-  by  cos  ~~f~"  and  cos  ^ respectively, 

we  obtain  the  solutions  appropriate  to  the  oases  where  the  boundaries  x*0  and 
xws  are  impervious  to  heat.  Similarly  if  we  replace  sin  and 


-i—  by  sin  — *■"  n ■-  and  Bin 

2 a. 


respectively 


we  obtain  the  solutions  appropriate  to  the  oases  where  the  boundary  x*0  Is  kspt 
at  0°C  while  the  boundary  x*a  is  iaperrious  to  hast. 

r *) 

Part  VII.  Heat  Conduction  in  the  Domain 

( o ; X t a , 0 i 5 ir  , r < > < ) 

If  in  the  solutions  of  the  problems  in  Part  VI  us  replac#  / dC 

J- 

by  j dC  and  the  factor  e by  e ± e 

we  obtain  the  solutions  appropriate  to  the  case#  where  the  boundary  s>0  is 
either  impervious  to  heat  or  kept  at  0®C. 

It  will  therefore  suffloe  to  consider  here  problems  involving  radiation  at  the 
boundary  s*>. 

Case  1, 

Boundary  s=0  radiating  into  a medium  at  temperature  ip  (x,y;t)f  other  boundaries 
kept  at  0®C. 


u 
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For  a function  <i  (x,y)  defined  in  the  rectangle  0 < x < a,  C * y i * and 
y».p.i  ehing  cs  the  sides  of  the  rectangle  vs  have  the  representation 


$ (» . * ) 


VT  • , 

) / .js.  7i-  411 


’/  0?  / 

•'O  -/a 


10 


. 7„  rj  <•  • /m  /-•  . 

— -x  • - — (-  O T) 


From  the  above  identity,  it  follow*  that  the  Laplace  tranafom  of  u(x,y,x;t)  la 


S[[ 


^ *±JL*  '2ULL 

a ' ir 


where 


*■“  " V T ♦fcj*  • 


/m  77  ?/ 

— r“  d,,L 


Fron  the  last  equation,  it  followe  that 


U.  I X , y,  y,  t ) 


/n 

AJsto  “• 


r JLi-  ^ d^UJL-  . Ac>,  mp- 

a>  (_L  * ^ 

t,  / <f>(\tVt-D  f {}■>*,*„«) 

'o  id 


where  V-  ( J- ; - , X™  ^ ) is  obtained  from  the  inversion  of 

-+t  ' T~ ' ? 

• ¥•  4;  dl  = -r— r • 


% analogy  with  the  expression  for  y in  Fart  II,  Case  3,  we  ha?: 


f f V:f,  W 


y~  ~ *• 

. <o 

2 r v ti  ^ r 


4 . (y  p) 

/ 'Jy  , . 

• / » fj  if)  P dp 

Jo 


65 


HAVORD  Report  2159 

Substituting  this  expression  of  f in  the  formula  for  u(x,y, Zjt)  we  obtain 


oo 


3; - ttjtt  y y 


...  •■Ml  x 

<l+  SZT  Z_  Z_ 

>e?/  Hr  1 1 


■L 


I' 


yd  C'HS 


/TrtTl  1 


// 


3-  du 


* _ 71  "T 


/ . *1.3 

>/  . *■ 

it 


i ’ 


ftm>  -Ap  - 

' f dl  I e [}  *f)  e **  d/> 

J £ C 


Derivation  of  solution  v(x.y. z;t) 

We  put  v - y + *2  where 

= C;  -fc>-  'i  - 0 

u 2 

X--*”-  ' x ' * 1 y . y * ^ * = ^ 

? * c 

AT  + AT,) 

0 y 

The  solution  may  .be  obtained  from  the  solution  v of  Part  VI,  Case  1 by 

/■«  -,oo  (vn‘  U-Q* . f </Q 

replacing  J b y J and  the  factor  e by  ^ »»*  + 0 

The  expression  for  v2  may  be  obtained  from  that  of  u by  replacing  p (x,y;t) 

If  in  the  expreeslon  for  u(x,y,z;t)  and  v(x,y,z;t)  we  replace  sin  and 

sin  — ty  cos  '~/r‘r^>(m  and  cos  S.  respectively,  we  obtain 

the  solutions  appropriate  to  the  case  where  the  boundaries  x=0  and  x=a  are 
impervious  to  heat.  Similarly,  if  sin  — -~£X--  and  sin  m are  replaced 

by  sin  i 3--h.  tllSLa . «nd  LL&JJl  we  obtain  the  solutions  appropriate  to  the 

2 a.  2 a, 

case  where  the  boundary  x=€  is  kept  at  0°  while  the  boundary  x*a  is  impervious 
to  heat.  The  expressions  obtained  from  "U*  solutions  and  "v*  solutions  by 

replacing  sin  -£LZUL  and  sin  by  cos  and  cos 

or  sin  p/>n.  1}  v_y_  gjjci  sj_n  ( 2 t *■  ■'  ‘JLp — have  similar  meaning. 

3 3r  XI- 
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la  conclusion  It  shfaild  be  stated  that  the  methods  employed  in  this  paper  are, 
not  applicable  to  the  case  where  radiation  takes  place  at  two  bounding  plane* 
which  are  not  parallel. 


lew  Tork  City 
J«ne  1951 
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